PERCOLATION

JS ADVANCED MATERIALS LABORATORY

Experiment: PERCOLATION
Summary: In this assignment you will measure critical exponents which determine how various properties of an amorphous solid scale around the percolation threshold.

__________________________________________________
I. INTRODUCTION

   This practical consists of an experimental part and a computer modelling part.  An excellent introduction to the important topic of percolation theory is given in chapter 4 of "The physics of amorphous solids" by R. Zallen.  It is available in the library (on shelf, call no 530.41 m33 and one copy is held behind the counter).  Read this chapter before writing up the practical and preferably before you begin the experiment.   Supplementary material from research journals is available in the folder.

   A characteristic property of large networks of random or ordered connections ("sites" connected via "bonds") is its percolation threshold.  Imagine a square lattice of sites which can be "on" or "off" (imagine that they are coloured black for on and white for off).  Two adjacent sites are connected if they are both "on" (black) and disconnected otherwise.  Two non-adjacent sites are connected if and only if there is at least one connected path between the two non-adjacent sites.  A group of sites connected together constitutes a cluster.  The size of the cluster is denoted s and its length is denoted (.  The percolation threshold is reached when one cluster in the lattice extends completely from one side to the other so that there is a connected path right across the lattice.  The fraction of occupied sites on the lattice is denoted p and the fraction of occupied sites at the percolation threshold is denoted pc, the critical fraction.

   Percolation is relevant to transitions in material properties, such as metal/insulator transitions, normal fluid/super fluid transitions in liquid helium, paramagnetic/ferromagnetic transitions in dilute magnetic systems and the glass transition.  One of the remarkable and beautiful features of percolation theory is the universality of the changes in material properties around the percolation threshold: the behaviour of material properties scales in a universal way in the region of the percolation threshold (i.e. independently of the material’s structure or the particular property) which depends only on the dimensionality of the material, i.e. whether it is 3D or 2D, etc.

   We have already encountered two measures of cluster size for fractions of occupied sites below the percolation threshold, namely s and (.  In an infinite lattice, these quantities diverge at pc and are therefore of no use in characterising the connectivity above pc.  Accordingly, two new measures are introduced which are non-zero only for p > pc.  The first is P, the probability that a randomly chosen site is part of the percolation cluster, i.e. the one which extends all the way across the lattice.  The second is (, the conductivity of the lattice.  Around the percolation threshold, each site which is turned "on" at random is very likely to cause coalescence of two unconnected clusters (when compared to the low or high p limits).  Thus, there are very rapid changes in the measures s, (, P and ( around pc.  Just below pc the average cluster size, sav, and cluster length lav depend functionally on p as:
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Just above pc, the measures P and ( depend functionally on p as:

P ~ (p-pc)( 
( ~ (p-pc)t
As mentioned above, the exponents ( , (, ( and t are independent of structure and property being measured.  Hence these critical  exponents are universal.  They do depend on the dimension of the system, however.  The critical fraction, pc, depends on structure but the quantity vpc (where v is the fractional volume of space filled), is almost independent of structure.  The aim of this experiment is to determine pc and t, the conductivity critical exponent for a model random-close-packed mixture of conducting and insulating balls which correspond to on/off sites.

II. EXPERIMENT

Equipment:

(1) graduated cylinder with electrodes

(2) metal and plastic balls

(3) sorting box for balls, with funnel

(3) multimeter

(1) Choose a fixed volume of balls in the graduated cylinder such that the height of the column of balls — the diameter of the cylinder.

(2) Start with 40% metal balls (say) and increase their relative concentration in steps of 10%, repeating the measurement at each relative concentration 10 times. The simplest way to change the fraction of metal balls is to replace a specific number with the other type of ball.

(3) A good way of separating the balls is to place them in the sorting box and then tilt the box so that they all lie in one corner.  Shaking the box will bring the plastic ones to the top and they can then be scooped off.  Do not magnetise the balls!

(4) When putting the mixed balls into the measuring cylinder place the sorting box funnel mouth over the measuring cylinder and roll the balls over and back across the centre of the box until they all drop through.  Does this exclude any bias due to weight or magnetic effects in the final position of the balls in the cylinder?

(5) To measure the conductivity of the mixed balls, place the aluminium electrode on top and measure their resistance using the multimeter.  Apply light thumb pressure to the top electrode while taking a reading.  Try to ensure that you apply the same thumb pressure in all measurements. The reading will still fluctuate while you are taking it. You should make a best guess as to the average reading.

(6) Plot a graph of 1/resistance vs p to obtain an approximate value for pc.  How does this value compare to the theoretical value of pc for a random close packed lattice?  (Table 4.4, Zallen).

(7) Begin the experiment again with p 5% below your initial estimate of pc.  This time increase p in increments of 1% to a range at least 5% above the more accurate value for pc you establish on this second run.  Make sure to establish error bars on these measurements by repeating each measurement several times.

(8) Plot a similar graph to the previous one to obtain an accurate value for pc.  Plot a log-log graph using (, p and pc to determine t, the conductivity critical exponent.  How does your value of t compare to the theoretical value for 3 dimensions?  (Table 4.3, Zallen).

   This experiment is a crude model for a phase transition.  Truly universal behaviour can only be expected for an enormously large lattice.  

III. SIMULATION

   Now use the PC to complement the previous method of investigating the percolation model.  

   A program called PERCOLATION is contained within the Percolation folder on the desktop. Run the program and read the information provided within it before proceeding with the simulation.

   The program simulates both 2 and 3 dimensional lattices. You can in fact enter your own data for analysis though for this experiment, the grid (2D) and cube (3D) can be generated within the program.  At each node of the "lattice" the property of "conductivity" or "non-conductivity" is assigned randomly and a "path" is said to exist between two neighbouring  nodes if each of the nodes is "conducting".  Two nodes are "neighbours" if they are adjacent along any one of the three axes.  The program searches through the base of the "lattice" for a "conducting ball".  If it encounters one it checks the position above it.  If this "ball" is "conducting" the program searches its neighbours except the one from which it has just come, checking the neighbour in the vertical direction first.  If it finds one of these is conducting, it moves to it and repeats the procedure again.  This process continues until it reaches the top layer (Z = N) or until it reaches a "ball", not in the top layer, which has only one neighbour - the one from which the program has just arrived.  In the latter case, the procedure returns to the previous "ball" and searches the remainder (if any) of its neighbours.  It may thus branch off in a different direction until it reaches the top or until it has checked all possible paths branching from the "ball" in the bottom layer.  In the former case, it immediately "chalks" up a complete conducting path from the bottom layer to the top layer and continues on to search for a further path from the next ball in the bottom layer.  In the latter, it just continues the search from the next conducting ball in the bottom layer.  To investigate the percolation behaviour, the program removes one site at a time and the resistance is found at each step. The values of the conductance are output to the file “datafile” in the folder percolation. The maximum 3D lattice is 7 x 7 x 7, the maximum 2D lattice is 1 x 18 x 18. These simulations will take approximately 40 minutes. The datafile can be opened in Excel

1) Use the program to find the percolation threshold for 2- and 3-D lattices of dimension 1 x 7 x 7 and 7 x 7 x 7.  

2)  Investigate how the percolation threshold varies with the size of lattice (change the lattice size downwards rather than upwards, e.g. begin with 1 x 6 x 6 and 6 x 6 x 6).  Determine whether the percolation threshold for the largest lattice you have used is likely to be a good approximation to the threshold for an infinite lattice.

3) Determine the critical exponent for conductivity just above the percolation threshold for the largest 2- and 3-D lattices.

4) How do these values compare to their infinite lattice values?
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IV. WRITE UP

   In your write-up: compare the results and the methods used under the following headings:

(1) ease of carrying out the respective experiments

(2) scale of investigations possible

(3) efficiency of method

(4) accuracy of models used, with respect to each other and with respect to the physical systems being modelled by the percolation problem.
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