The Pro\gleu,u woutt b eshme @ Fgmwej'?/l eutooled - a P/Olﬂ[m'“? oliskibukion,
b o ot o cuple flou ek proknbly askibubon

\Al\/u&? Gses iw whidh direchk  measrement i ot poseible. 57. e,oialeuu'olo;;wl
models, but also OQs.

formal Sd'uf
Tarameken 9, fawdhoy, varisble X~ F?e (X) . ke a Samplc’ (realiegbiou) %0 e rauwoloma
navidde | .

Eskwmabor : a /mof"w o |—9A9 (" ehuake = ?aow(;uMl %’ 6).

Cueshou »  ig é a "70091" Tww gr B 7 Noe PW?&&J, Lo issues:

< ulab i E|900]7

=5 1
&\ (
wd

N
\
o

S

’.

G 2Ll

v9, 3 &~ °
‘9:

.. '\

Y e

\

uubaseol eshweler - HEX [?)(xﬂ - 6

MO_H This is 3 {@MMH(A_ otv/f‘wdkw,a/jﬂ- QUi Re eigbeunte ofa
" drue @“. %mje%{&c ek wokion ?eeon\‘ deey mob dimJﬂJ colud + s

Oﬂﬁjiw'l-; w.

' cu weiq:liow&«?a(ﬂowt &QPKOW#/‘SD



Neaswe. precivon by He Heau Squated ior (HSE)
£ [ (80x - Ex[écxs])"] . Uag[ 000] = MsE(B)

for wiisced atubos  (E;[OXI] = B), we hove i pobodar
use(8) « Ex | (BUX) - o) |

Thew is a ge«wwf Guit  on t prigou % ay cSMbr, ?;vwlvy Hhe 8*1074{1’ gﬂ
e Panm«dﬁc, CuOooL'Mf in ffe {)’wL»U\Lnuz O{iSI‘f;Lul-\‘w,

M (B) 5 [ Gousir -Roo o |

F(X)

mmfs ko \Aﬂk:

(i) it s a  lower Lowd: ow cau shuoyp ol wore (Qn,?en MSE), Wk el
boler (sl HSE).

(i1) ta speofe wtmalor T (o ©) odoes mot appean ou e RHS = 1o bowudl s
'b‘up_ Jor OMIJ QSF\(\MDJ“‘Y‘ (de.pvoﬁwl’ﬁj ; %r /ﬂc be?f ‘wu,)

T, dewo mipalor :

FG (X) L Ex[ (% on PTG(X))ZJ [FS\\(’A "\hgoqwekw cobaiwed in X oJooud,‘GI



EGIIM'VOM {O“MMQAM 5

P Ex[ i ﬁozx Pfg (X)} Ex) Yrove (6 equivalence
70°

Prwg of He Crawiet - Voo \oouud

€ g““p“‘“" i ;;_Q,?rl%o(x)

Ev] - Ex[% QpéP'gcx)]: Ex] 4 |9 P(O(x)} :

Pra(X) 79
g e =1fay9(1)=o
et WL

Now:  Cov (V, AR5

Tx)y | 4 9] Ry (x)] :
 (x) 99

; Id..( Bl TG) 1 3 R G

@eb"} 79
I de Tl 9 6. |9 Jaq Tox) By ().
00 20
2 E] T
20 [ ]

By the &Mj-&»m\% Tnequaltly:



Vor[T] Vo] V] 2 1eav(yT)] - ) T(X’ [9 5.1

=3

eelv]  E[(v- ERDY]

= Var [T] z 1 = 4

= 4 = g ‘ B

E [Vz] [( ng Prg(x)n Fo )

Hu,%‘)k twdaw\ vaﬁon.S
Iu 3awm0, ow oo msl  coutder o @‘.\,3;(9 auclow Whalle but X as a vedov ag-

van:oLleg (&3% &»JF& N).

Siwplest case: 2.2 romchom wridbles, B (X, X, - %) - RO IR () - Rk

L

e Fshu "Weomﬂhou i¢ addibve . CR-bowuel:

HEE[ T (X,,0)] =

NF (X)
Hos i3 vwown oS Shet-uoige Sm\i\g) or, m»f\.,mm}d)d smﬂfud%mwawd,

&}“m‘éu@ Ho Craner-Ras \ound
O, but Wow bk Leall sy esbwsor 2 Wort W au -exaw')‘f:

A-{193) R®».0 fw.1-06 k(. L
2

2

Wouk b0 awole O fon auple e - 12439133 21
%S‘Z\\,\e ebwalors :



o guwm S\ﬁ\?l R ..
- ehe.

39\%\»&9 esbwaler?  Aw ahwsdr T (X) is 4f;d ',g & aabimaled Ke Ganl v Roo

EER R jmuwﬁ,w Koow ﬁ,r a&t&w{)loh(ﬂﬂb exff\uuxﬁ ethmaler (Hee [ZV\—OP(AI'?/
Wolds e Nooo Lust)

Havimuwm  ( ‘on) bueli\ood  etimalor
Liue‘i\wod gwe}\w ,Qq(e) = Prg(x) oy ,Qp& Pfe(x)

A

ES\'\\MMOV 9‘““5 = (ma/\gﬂ)( -'eq( (9)

Theoren;  (Dexustein-Von Miges | v Some variokow)
Uunder appropriale r!zXMamLa, owlibow, the moxiwum Lwlihood eyhamelor in

avy wp\rc\—iwﬂy ng.a wb.

EXawp‘& The waximum i vels hoodf eshuator ‘Qv a LEMMJ rawolow  vanable.
A <301} R@) -6 Rfo): 1-O
Given 0 dﬁwa o{ —@MXM N Z PERE e fiwmes J‘gwlgpe 1 N-a tues “‘fwl’fe 0.

0, (6) = oy By oss) = Ly | "0

a@gQ i (N—a\ &3(1-9)



Tupate. wosiwsbiy: 2 L, (0) Lo

00
o £ 706 s na) 4 D (4.6) 10
8 90 1-0 90
a _ (N-g) _1 i P
B 1-6
(+-6)a — 8(N-a) 0 Lot
0(4-6)
o -Ba - 6N +La _o a= ON  p-

al
N

That is e aversge o{ e ottawcol voluen |

Cuaibum. version

S gm m e domind car, e oL,(;}foF wcpou,,? K. ,)a,,wda s a Wlpaloiﬁl-?/
Aistrlauts ou Pre_ lu Ke 7uaule ca¥e, we  afuwy ffe Taaa,wakr & aueodled i a
Gutugoui ok

Hoblewn : e are wnamJ, wa +o P (ﬁovu a Shale /)9 b a /)K;La.‘—n'aly obighiluboun
(W«:j Pos‘x‘—:ble meaSureu cuf)

'I’hemga're: we woulr to opfimice over all e Foss-;B\re oAt

Tdea:  dofin He W Fishes 'iufatwﬂl'iw HG(PQ) as

Ho(po) = vﬁ B (Thpo)

n



9{ towrge, Hus  woxiuisdhou i€ ot very (fw&itlf in pachee. We fud 3 vay b beild

Ho awﬁyhcﬂy
Kewewber  ¥oo aﬂﬁpim'kob\ #’ the Ficher )%rmkm

Fé“” = /al'x 1 ( 7 n’e(%))l | (%)
Ry \ %P

bub MW,lnj He Born rulk - R‘e(m) = Tr[—ﬂ_.upg] {Sr a?ivw Powl {-ﬂju), hewce

() - fdn Tri (9 -l'r[Tl'uP@]j:

[-ﬂ:uﬁ-)] L
L joh« F[;E(b] (Tr [’ﬂ;%a])z

We express the derivative or e Shoke in  ferus oao He ackon ?/ a Hermidan crmlcr Le
(kwowu as "S:,MMdrn‘(', ﬁ»omMc derivobie”)

P _ Lok +ple _ [[ L
=2 = nyO‘MWV esfwo\au
VLo, F ]

= PCM?J’@]

RRTRPRS A WiE

H&a‘l, s CQGSQULQ Fisher 'lu%;rmhw 1§




Now, we wout éﬂffudawaximisal:iou i Jerue ?f) wusllcng Wt doos . dopeud cu K
Cﬂn;('lag"&l.gl)”dgic PovH {Ww},

éjd"‘ TpTle] |° fdx n[ﬁeﬁrfi . J;;]l:

/U%wg e Cauogy—&awah}% 'nguaﬁ'la:

Idz/< KR P
ffe"ﬂ

j T[pem f ”J—LG PB

Id'x M 7| Vg Lo Ty\fﬁ%%]
LTl

3

Joiz Tl lo polo] <
Now 1ac e harwalisabion of W Pt {TY, (dn o= 7, hac
Tf[f’eLgl
This dees kot dopoud ou the Fout 1T, ! Thaefore:



Oebiwal Poults saturabng He Guuier-Rao bouud

We. bave bo dlose. o ophual Tt {TT,.{, Hiak aoburales ol iwesualbies (1) el
The insguakiky, (1) is sburakd if T[pyTuly| is real for olf 6.

The vsually (2) s Sehiroked  whew

W] TlfeTlol  packd)

R [ - M Lg It (i.e. , Hhedwo veclort u dhe Cauazy_gchwrhm

Tiie & whisfied iXaud ow@y 'I(F (were  or less) {ﬂ'ﬁ ‘s A %*vf} pn&colovs over e:?wﬂulcs
o Ly The phimal Poun is Ly,

Techucol wle T okamQ PouM Lg gifQJ& e maximel Fisher 'lva@vaIjG'A'oO’nmudxua&
with e qudubuss Fisten inbruotion.
l%ww} Hes MyA Mgfﬂ,ag) oy £, o,)k/MAZ ehmaler, ie. Ke opkamf %de‘ou OUE
the agwwﬁ@o/ Ly Ow cau aﬁ;l‘l measinun Lol hosdl.

L we caudp.md o monmel omowt ‘J Panaw&‘*’/t ﬂwawfzw{%q exkathobl ?qu
A Quautuu shak.
v we cau wrilke OFHMQ fovh.

AU #&e reQuAres fo be able 4 Cowpute e Q‘\‘{M"Mdh\@. ET&IMMG desivatve



loPo + folo ___Q_P
2 96 1°

It s solved [?)l/eu W.o. Pmo(f) La,

lg = 2 X7, £hulopeltd>  |y.x {or s w. o p, 40

nm Put P

\UhUC Pe = % PV' l’an"kn\ (ﬂ‘yuu%g dGCQIMﬁOQ\]\OM)

Noe. Wk, in quunal, Lot e eiquualion § 3o} oud e cgpudden 1147} depsed ou
e volles of K pvosaben ©.

Ex_\ Tlua[erivokwﬁ'lﬂa X“alt})g Cau be wnteu an

o ] e |l o |2kl L v,lmz’fm)
99 FQ v < 98 4 +P 9 P e

Noke fat  <Aulhd =Sun 3 5y (<hulbd) = {Fphultu> + Lhul gty =0
é RC <2’1"“|’\i’vu> =0 ) <99+w]'i”m> B <'1’w’99"{’“>

Applying. toe solibion of fhe Lyapouiav equakiou fbr the agravaic Logositiuic clelive L,
ad e defubonof Ko quishum Thor iforwaton, prove fik e GFL cau Lo

decowpsted i ferme :{q amical coukr'hadson L.j He aug{f:\m&iou?f He ecgwﬂx“”-'
{P%l) aund a 'Mﬁg quanbun” oue u terus cfafenvoliues e{ Be bosit §1%> b



LG SO LY | Dofe | > ERCANE
P

< 2 Z 1 (’V‘M\ (ZK & l+lLX °l“v_\ r Fklgaq’u)("i"ul A= PK |‘f'¢>(99/‘f)n_l> H‘v\> \M.X’%.l
wmu PW'+ P\ﬂ Be

B\MK 81\1\ E“V‘ S KWA

A e A PR TS
_ 21> | x| ( Pe 2, [0S el H> P {u| Dy Vi > Cbe | >+ ,okwmwuxae%wy)

WmnK Pm'f P 20

~—
—

n

o 37 e | 1| ki, &3 M(? A\ B> + 9, <0 mm):
74 29 2 mn _Pvu'l'?w
Pe

> 19 4 (X ) | 43 Perb w10 v g

1

= 20 )014 . P"“’PV\
PV-
o]
Holpy) - Z(%_i_ T | e Xebdp | o .
EeETy /&) o] +

Sl (9&>1+..-
\,K_ e P | cTu:\,uLuM correchon

ClaSY‘\ CAQ krw

Lo {m%w i a bt abthack. New we spoalim Re rejadh to sows coans
aa” phefical Tubenagt.



Tws & '\'\Nl wod h”hmg. c/y iw CquuJ'wM /\AMU\VOpr ¥ MAA [ a.-lm,o\:e gkk who  a
wi{'apﬁ Adouud w. M o plar .

g = %% T (ome Hmwiliosa)

fo oo

Derinbive OX Pg gor Hae L&mw.l)nic »leaml-ewlc dervsbhve.

92 9 lhg)p, Uy 4+ U 2 ut) .
2 (4)n s - on(39)
- i Ug poUg + llgp, HUS -

- ~ilUgHpollg + ilgpHUG -

< aUg[p, H] g

Le =! 9 Z <'ym189])6|'11u> I'VWX'PVI]
nm
Pni‘ Pw

whuc{”’m% ajz@a ag o with e SP"“} BE s comvenieut bo exprem
Wut‘l—bna) n Houus g w(}wﬂalm % PO &‘?vﬁ'k pk.

> = U 1> 0D < Up >

=
i ;,_v%l Ml U§ i o LpoH] Ue Ug 1> UeleX“VW\Ug .
Pat Pon




:Q;i% (‘Vm\[Po;H]|L()V‘> ueNmX“P\A\ug = UeLoug

ol 2 CHlpHTMS @l it Bulfo * o , ol <
mn Pw+Pw

_ o > B s HIGS [PeX Gl
mn Pn'\'Pm

> Hol) = Tlpels ] Tl aoolo] - T [oop, Uoletd]

= ﬁr[l Ug :P°'H] UJUQ L:Ué] = _ﬁ[[?o,\-\] LOI =

= -k f[H [fb,(ﬁ]] .

RE- LS DT RS [ PR <A1

“ o

s, | <¢W\Hl~(u>(<xew\H?me> = <¢W|POHI¢W>) 5
wW ,PV\’\'.?W'

1]

13 Pk gy <hl[H gl 10>

mn Pt

The iufbrwation akout © s cdleled i [Hpo] $0 < do ud seud  apodale o H!



