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② Multiparameter Quantum Metrology
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⑳ Holewo Grower Roo bound

③ Quantum Local Asymptotic Normality

⑪ Quantum-enhanced Multiparameter metrology
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② Enhanced Quantum Metrology

I would like to start from what Foulo explained last time
,

so I will

recoll a few results that will be useful :

· QFI for unitary encoding 140) = explioG 14 =

Fa = <(4401G2140) - 140/G14033

Then Yeulo showed that for the estimation of a phase encoded vie

quarter ↳
Uy = exadilated and with input state

INOON

= [INald10Nd] FN-
we have

~ imprets
-> compared to coherent state (x) with some

number of photos usA advantageof

Here the resource is thenumber of "photour" N that enhance

the scaling us we are optimizing on a single probe

%o-
&

we are basically optimazing over this To /NOON) states etc.

I will consider a more information theoretic approach where the resource is

the number of probes/the number of souples

To do so
, and to exploit quautum effects ,

we need to generalize the

situation in



⑪ Rousey Interferemeter

Let us consider the case in which we have to estimate a phase from a unitary

Uo = expl- : 0 E] =(5) -

-> what is the optimal state ? -

· Our can show that pure stateore always better then mixed states

· For unitary ecoding -> G has eigenvalues and eigenesters

Edi
,

14:)) - optimal state (opt=x
+ Amin

impints the largest phase
In an asse the generator is E => optimal state is -

14)
= (10) + 11)

140) : (e) ()e
=

E (10 + e)

RFI = 4944/GIo) - 1401G14[]

G = 2 = G =

24 = (4
. 16140 = 2

↳ <40/140) = <40 E(0) -11) = 0

QFI = 4 .

% = 1



What is the optimal measurement ? We can look of SLD
, or have a guess

9 ( + 10) = 1+14021 = (1-100)/2
& 10) : 1C-140712 = ( + 000)/2

FI
=I log pud po logd= Gala

P(x(0)

- sin-Id

-b = - *

18

. in

This is knownos a classical-classical strategy -> we use each

probe individually and we meanne them individually

· Conve do better with these verances ?
t

To see that we need to look far alternative strategy than the dessical

parallel strategy we have studied here.



⑬ Enhanced Rousey Interferenter

To for so good ,
but as I said to get or enhancement we need to

consider o more general sitution thou probing a single system.

As we said of the beginning ,
a metrologicalprotocol consists

of three parts : proporation ,
interaction

,
measurement.

If we have 140* initely prepared states -> we car "gue-process"
them to make more sensible to our interaction

,
:

.
e . our encoding of

the parameter.

The quautre strategy that we will explane is the following

14)+ /GHZr)
=LIN

Nowopplying UN UNIGHE) = 10gON) = 14)

- What is the QFI ? There
are different way to compute it. The

most direct wey is the following.

10)
*N

= 10) 11)
* N

= 113 = ON => lo + copy -

This is the previous case => H(8) =

However we went to estimate O
,

not 8
.

This correspond to

a reparametrization :

H(E) = H10) ( = in on case O

1:D = HON



* Exercise : prove it by the standard calculations

One candso show that the optimal meannement is given by
the dicotomic measurement

T = SIGHEnxGHEnl, Ha-IGHEnxGHEnlY
↳

entangled measurement

① Exercise : evaluate the Part = KGHN)P and

the FI of probability(Pent ,
1-peut I and check that

I corresponds to H(0) = N

We have found the meannement strategy to saturate the Quantum bond

This isa Quantum- Quanteur Stratey

However with this strategy , by using N mobes collectively,
we obtain a souple of

size "1" : We can not situate the Classical Gover Roo bound with only one

single outcome !

Solution -> Split the N probes into geous of a probe see that

w have r = W souper of the entengled menement

In this case - H10) = 12 and QCRb rads as

D
Composed to the scaling of individual probes -> AO-I

F

improvement of M in the sceling I If r is sufficiently large to

have a large souple that saturate the CCR bound.



To let us list the conditions to have a queutum enhoucement :

· Be ole to
prepare entangled state of depth "n"

· Be dele to perform on entanglement measure on the entangled state

· Have enoughentangled state to saturate the classical Gover

Roo bound
, i . e .

a large enugh sorpe.

So
, just

to make on example : If r = 10" to saturateR

and N = 106 => n = 10 = If I'mobe to
pepers or

enteugled state of such depth - I get on enhancement of a

facter 10 by using entergled probes rother thou individual probes
.

In general + 4 different strategies

=> for unitary channels &C and

②G ca both achieve Heisenberg

scaling

· Two find comments :

1) In gerd these scenarios are extremity sensible to noise ->

-> reduce the enhancement to a costeut factor. Solutions to

avoid these have been proposed -> quautum ener corrections ; continuous

movitering
.

2) Sequential strategies are the most general
Scenario. No need for enteusement.



② Multiparameter quantum metrology
After having discussed a bit the fundments of enhanced quantum metrology,
We no more to what is known as multiparameter quantum metrology.
But before addressing the quautum version

,
it is important to look of

the dessical case with its properties and differences with the single penemeter
case .

Single parameters are after or over simplification of real-life metrological
setups -> examples :

1) Usually one would like to estimate a parameter O of a statistic

model that it is armed to be true
. But in gerd we have to

deal with noise and theoretical model does never match exactly
the physical model

.

To introduce noise -> noisy parameters !

According to our guess on the noise we might have extre perometers
to estimate un insuitably a multiparameter somario.

↳
. Estimation of phase andloinoptial interferometris experiments
O

2) There
are specific physical scenario where multiple parameters are

natural :

· Quantum Imaging -> reconstruction ofon object using the glasse

acquired upontransiunion -> each pixel corresponds toa plase =>

=> multi paramete

· Jensing of rectors field (even granitational woves !

Let us consider a
statistical model that depends frou d parameters

P(18) with 8 : [02
. ..., Odd The idea of multiparameter estimation

is that given a single souple [Ks
.... knY we want to simultaneously

estimate the parameters I



In this case
,
the figure of mait that meaue the precision of

the estimators [OY is the mean square ena matrix

MSET]ij = /10: - Eil 18-8j))Cori
estimator

↳ ] = Es
= El 10:

· ETE)) /02-ETO))] -> convenience matrix.

This matrix satisfy a Matrix version of the Gover Roo Bound

CoLE] FIG1"where the matrix elementsa

given or E10 lij = [pi) ( log pi)) log all

- E) (log p)( log ql
Jame properties /distinct from the single-parameter savaria

· It is a positive servidefinite matrix
.

· Diagonal terms - We notice that the ith diagonal element

correspond to the classical Fisher Information for the ith

parameter Ou

· Off diagond terus : The off diagaud elements instead resent
The fact that for this choice of parameters there is a cancelation

between changing two parameters and how the function change itself.

this is reflected also on the estimator 8 that will be correlated.



· Orthogonal parameters : Fer two parameter O and Of , F(Gij = o

=> Or andIf are outhogonal powmeters the maximum likelihood estimates

ar ourpatically uncorrelated ( and so even do not propagate - the various

of MLE is the same if sho not know the other ponemeters

If not -> statistical concelations
among

the peremeters increase

the ener on the ith peremeter if all the other parameters are

Knaum

↳ [11 FIO) - solar bound

N

-> to Scarlet. 2Fatolc
saturate if F(G) is diagonal

·Change of parameters :

The foot that we have multiple parameters give un or extre freeder

of reparametrization i . e we on reparametrize the [PiSi
,

and this

willaffect the Fisher Information as follows.

= &(1) - -> F(0) =
MF(E) M with

Mij = 20
In particular given the positive servidefiniteren of FIG)

,
it can

daways be diagandized.
This is in one-to-one correspondence

with a reparametrization. This implies that there is daways a reperemets
zation for which the parameter are completely uncenclated.



·Singular statistical models

On the other had
,

it's only positive semidefinite => it might
be singular

If F is singular -> SINGULAR STATISTICAL MODEL
:

the simultaneous estimation of the "singular" ponemeter is impossible,

onlly a function of them (cor be found by block-diogandising)

this is something that one wants to avoid
, but sometimes it's

a

nice property when we wont a form of privacy of the information
end we want to give occss only or a partial information
or the parameters, i

. e. a function of them.

· Attainable by MLE under regularity conditions

l
Apart From parametrization and non-orthogonality ,

the classical multiparameter

problem does not introduce
any

additional difficulties compared to single

parameter .

· - . non -N. -o

Yet us now more to theentum Lenorio where plaid comes

from Bern Rule

↳
place = te 39o Mod

The desia Cancer Roo bound will now depend on the specific measurement

Etticha .

To avoid that and have a gerd bound that depends

only on
the quantum statistical model I ,

more genera
bounds have been derived in the literature.



In this lecture we will review two of them
, given their overal

importance in the literature : the SLD-Quantum Cromer Roo bound and
-

theHeGrewer Roo bound.
, respectively SDQCR ande

· SLD Quantum Gower Roo bound

The most basic multiparameter bound for quautum statistical

models it is basically on extension of the single-parameter

quantum Gauer Roo basnd.

Indeed
, recolling the definition of the SLD

or

2 Gi =i
Vo Li

We have the following matrix inequality

Cr11F) Q SLD-QCR bod

where Qalij = trGGLili + LiLig] SLD-Quarter Fisher

Information matrix

SLD-QFIM

As we notice
, for a single parameter ,

this reduce the single parameter

quantum conser Roo bound
, which we know can be saturated

, i. e .
there exists

o
COVM where FI is equal to the AFE.

This
is not the case for multiple parameters , and this is the huge difference

between single and multiple parameters of the quautum level : in general
the SLD-QCR bound can not be saturated

,
w. e. If a ROVM Ettab

whose FIM is equal to the SLD-QFIM.

Why ? I would like to give on hemistic argument on this.



Yet us consider two parameter Or and O2 encoded or

1To)-O 10)

①

->
exercise

One can compute the SLA for O2 ond E =

L = Ty and La = Ga

Each of these identify the optimal meannement that saturate the single
parameter QCR bound.

In oder to saturate the SLD-RCR bond inequality we need

to perform these two optimal measurements simultaneously , and this is

only possible if the two optimal mconement commute
,

which in general
is not the cose ! Here is not the case , [1 . (2) = 0

There ison extre problem : Given two COVMS &Th") and Eitd.
it would be nice to know whichore georm better to estimate

our E parameters.

However
,

the order in the space of positive semidefinite matrix is

only partial ,
i . e . there may be poins for which neither elements proceed the

other

↓

For this racon is necessary to introduce scalar bounds. -

=> the most natural our is given by the trace of the two

sides of the inequality

H
↑eCor[] > (SPOTSQ - the scan QCRB



In this
way ,

we do not solve the problem of seturability of
the bound

,
but at last we can properly compare different strategies

since thecet of R is fully ordered.

ou a simple copy

Indeed
, we can define the most informative bound by on explicit minimization

(M18) = min SteGF(Old] -> It is very hand to compute
GOVM no idea in general ho to do it

We thus have the following chain of inequality

trdlar(73 (M(@] = (*[]
↓

↳
easy to compute but

in general nau atteinable

Hand to ever in principle.

compute and

by construction is attainable

To here comes
to resource the Holevo Gener Roo baud C"18] .

This is a fighter bound then SLD - QCR i. e.

tricolo (*]>(6)= (8)

C"(Q) is defined by the following minimization

(8) = min Ste Evg1v = z[* ] &
Vea

X Xo matter
->

where : So set of real-symmetric did motions

· Z[] ison dxd motix whose elements are

z [ij = trXiX 98
,

3

· Xo = & : (X
, .

. .

., Xa)) Xi is henrition
,

to [X : 8j983 = Sij]



This is regarded as the most informative bound since it has

been proved that it can be attained in the osymptotic limit
, i. e.

when we perform collective measurement on anasymptotically large

number of copies ,
i. e

. gQN with N- + c
.

This care

proven ming the theory of Quantum local asymptotic normality
.

For this reason in genera we have (
"

18] > C"I)

MI -> I-D -> single-shot

HCR- - collective monnementIna

asymptotic limit N -+

Take properties of the HCR bound :

· Hand to compute anaitically , only far general examples :

2) Lingle Qubit

al Gounian states -> it ou be proven that they can be saturated

X
- or single shot. With Gousiou measurement

↳ this is important for QLAN

· Semidefinite program to compute it s standard computation
Technique

· Need collective measurement to saturate it

· For pure state isottainable on single shot measurement



To for we did not tele the question of the saturability of the

GLD-ACR bound. However, now that we know what is the most

fundamental bound , i. e. the HCR bound CMOI we can ask what are

the conditions such that

C"(Q] (S[]

It turns out (Proof long and bering) that the conditions of satura
bility is known o

the week compatibilityaudition

②
Fig tedfo [, [i]] =

We see thus that the SLD-QCR can be saturate in the

esymptotic limit of collective monement if the SLDs commute

onaverage

This is a weaker condition ther the full comutation of the

SLDs ,
i

. e .

② [i] = o

-maybe necessary
-> open question

Indeed this condition is sufficient to saturate the MI
,

i. e. the

bound on single coping of the state So

To we have the three following sonaries

· (M) (*) C -> SLDACR not attainable

②
· week compatibility coud = (*) ( · JSLD -

-> SLDQCR attainable in theasymptotic
limit of collective measurements

· compatibility& (M = D = (St - SLD ACR otteinoble
single copy



In the wast scenario i.

(M))(4)(S

one can actually prove
that (sp -)(" -(1 +R)CS

where OCRX1 = this imply that
any

relevant scaling in

the HCR bound
on be inforced from the CS bound >

=> evaluatin SLD-QFIM is still useful !



③ Quantum Local Asymptotic Normality

In this port of the Lecture
,
I'd liketo give some intuition on why

the HCR bound is attainable in the osymptotic limit with collective

measurements.

To do so :

· Tingle parameter - 140) = e

:0140) (416140 = 0

Fa = 4(4oG14%

· We asume that 0 = 0
+ loa parameter estimation

It is unknown and random

↓

we are saying : we are close to 50 and the uncertainty

is of order of the statistical uncertainty i. e. 2 I

M

· Joint State 14) = 14 ta)
M

· AFI of 142) for parameter "n" is Fa-exercise
,

use change

o parametrisation

will

· A
que state model Family of Hilbert space vectors >

= a que state model is uniquely determined by irner products

of poin of rectors with different porters

H
* WEAK CONVERGENCE Of STATISTICAL MODEL

I A sequence of models comerge to a limit model if

overlops comerge pointwise

Now
, we cancarily see that ->



14) = (40) ex14"
Il

1 + iVG-rG + o

4 (40162140) = Fa

: (2 - Curion)-n ->+

neTo exed-CriF

On
, why is this important ?

If we introduce the quarter Gounion shift model ,
.. e . coherent states

of the form

In)en
↳ vocuum state

parameter canonical
coordinate

Exercise - Slow that (Q) = Fon ,
(2) =

↳ this is why wecell shift model

·aFI for u -> Fa

Furthermore - (ur) = expl-uriFol



This means that we have proved that

(414)Sultr) us they have the some

QFI !

weaklycomergena

Equivalence of statistical model
, why it is important

?

At the single-peremeter level - not too much
, we know &CR

bound is saturable.

pure
But this idea keep working also for V multiparameter statistical

model laud to some extent to mixed states
, there are some coverts,

one need to introduce a stronger version of convergence (

↓

I. e . (4)-O
10) & = (02

,
0a) => & = 0

(4) = 14) = /@ /unt - U
.5)/ 102)

On

The SLD for Me and He is simply given as

L: and L- exac.

· They do not commute
, even or average !

1
(



We can prove that

~
coherent states

(4)
↳

(4) =
-u. )

19

Fintermose one can show that I" and I comenge to the SLDs

of the Gaia model ,
i . e . EQ and & o 4 = 0

This means that evaluating the optimal estimation of U.. He for1)
=> corresponds to optimal estimation of Mi 12 for statistical model

14) mode of qubits ! The two statistical madel are equivalent

One can show that HCR for 14) is equal to

HCR bound for I (HCR for Gaussion state can be analytically
evaluated

=> HCR for (4) is attainable using collective measurement on It

We can surmarise

1) 14 -> comege to Gouriou shift model

2) HCR for Gouriou shift model can be saturated

on single copy with Goussion measurement.

3) HCR for 14) = HCR For le
W

HCR for 14) can be attained by collective incomments or

14) with Me + r.



⑪ Quantum Enhanced Multiparameter Metrology

To for we have explored quantum-enhanced serving with NOON states and

entengled qubit states
.

Further , we have seen the fundamenter bounds for

multiparameter quautum metrology , namely HCR and SLD-QCR
.

We have not explored if there is any quantum enhancement

specific to multiparameter queutum metrology .

What I would

like to do now is exactly exploring this question : do we have

any quautum practical advantage in actimating simultaneously multiple
parameters ?

Our setting is the following : We have d+ 1-mode

interferometer .S need d+1 to have a reference , oterwise

singular model : only phase difference is measurable)

On resource is the number of platous -> N : What's the best way to do

that ?

The most good state is 14) = du Inno , . . ., Nid)= an In

St
.2 Nem =

NE
, D

-
!

-
number of distination

configurations of
for each element of distributing N photons
the superposition S

across d+ modes

Unitary that encoder the parameters -> Vo = exq[iNm Om]

The find state -> 140)- NN)

· Exercise+ Ig : 4 [ N -4
· Exercise -> Evaluate SLD and show that weak compati



bility is satisfied

8. e. (4g/m,
Ln] (4) = o

This implies that HCR = SLD- QCR = we do not have to

erducte HCR !

We havedreedy seen (Sould) That the optimal stato to

infer a single parameter O is the NOON state

143 = 1 (IN,
O) + 10

,
N3) us VatE] = DO -1-Heisenberg

② N2
scaling !

Here we have di moder mus we can extend NOON state to

multi mode state

& (4) = a (10,
N, . . .

,
03 +

. . .

+ 100....,N)( + BIN, 0....,
0

=> [F]m = 4N
-

/Sema 2 x)
-

- L = =

aI withr number of see

Is there any advantage with individual estimation ? To understand this
,

let

compone
this bound with the separate estimation of a parameter

Optimal equivalent individual strategy is obtrived with NOON state =>

Given that
our resource is N photeus = we allocate N/d photon per



parameter (i
.e
. per experiment

Recalling that AB11 = Fi=z
, ...,

d Do?N

To the sceler bound roar or (Dindl=Do
We candso compare

the situation with inconcated coherent state

& (i) with (i) = ND
ON

=> ID):DO
To we have -> simultaneous estimation~

· individual estimation ~
· classical estimation ~

#
=

~ => Old) advantage

A simultaneous strategy has on Old) advantage not to individual

strategy

① Quentru advantage for multiparameter quantum metology.

· Since
pure

state attainable en single copy
level !

Quantum advantage not only in the resource N but also in The

number of parameter -art - more complicated protocol !
Greats - state hand to implement -> other states with suboptimal advantage

wrt to multimode NOON but still better then individual

estimation with NOON



Conclusion

Questum can enhance but also limits precision in parameter estimation

Quantum mechanics can limit simultaneous estimation or multiple

parameter : this is a consequence of incompatibility of optimal measurement

↳ "queutum noise". Structure of quautum multiparameter bound is

much more complicated (there are other bounds I did not mention) . The

the question of saturability of these bound is also more complicated to

address.

On the other hand, we have seen that quautum enhanced metrology at

single and multiparameter metrology is possible : application to imagin,

billogical sensing , gravitational waves detecter and much more !


