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Many tasks in quantum info theory require optimization
Many properties in quantum info they can be phrased

as ophicitations

Example Given a quantum channel X and a

target state 0 find the input states that

maximizes the ounlap t ACS G i e

Fie I
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The trace now 11211 of a Hermitian matrix Z

can be phrased as

117111 max2tCEZI.LI
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Trace distance eshination measured probabilities m tram
on a prepared state 5 How close is 5 to some target
state o at best
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SDPs are particularly important opticization problems

All involved objects are Hermitian matrices
All constraints are affineT.pocitmidefi.tv
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Disclaimer From now on all matrices will be assumed

to be Hermitian

_DefAIefieprograisahp0 A.B
consisting of a linear Hermiticity preserving

map LCH LCH and two
Hermitian matrices AELCH and BELCH
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Primal fiction

1

maximize XA mini t BY



1 sugar tea sugar to yea
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Nomenclature A matrix that satisfies the constraints

of the primal i 41 1 B and 20

is called pride while a retrix

Y that satisfies
ᵗ Y A is called

defeasible

2 Let A and B be the set of all primal and
dual feasible X and Y

Epe Given A find the largest possible overlap
with a quantum state

t.ua

TFcta
Bet 01 te

s t 7 1 is state
30

Easy to see computes the largest
eigenvalue of A

for the dual we require dᵗ of 1 hL It is

defied through to 01 771 h x 014 X Y

HEY YI YEE



Effie y Easy to see Also computes
5 t y A the largest eigenvalue ofA

For this example prival and dual solution

coincide

7 26 aug duality

whattheveleva
celmeaningofthedual.prd.la

The Let B beta and β y.ly to YB

be the optical pretal and dual values respectively
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Proof For arbitrary feasible eat and YEB we here
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objective
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1s YB β α p tr AX

When do prinal and dual solutions actually coincide

Theilstrongdualityislaterconditiont
test The pathprothff
i e α β if there exists either

giggingqq.gggg.gggqgyqggy
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Recall max hexA
linear qq.br

sit d X B affine constraint
70 positivity constrait

SDPs constitute the optimization of objective on a

comet t
2
Efficient faithful and precise numerical

solutions via interior post methods



Practically open sourin numerical solves like SeD Mi and

SDP3 as well the freely available sober

MOSEK for SDPs

Require input of the SDP in standard form

Ruleof b Every optimization of a bear fuchi
under affine and positivity co straits is

a SDP see Watrous lecture notes

Luckily there exit numerical packages that communicate

with the solvers e.g Crt and YALMIP for matlab

JUMP for Julia PICOS and curpy fr Python

Example Computation of the trace norm

7.4 probeithelegrage
Let maxfrffA beapri.cl SDP with opt α

sit X B 2 Lagrangian multiplier Y

XI a Lagrangian multiplier 570

To find the dual we introduce a
Lagrangian

multiplier for each constraint and set

X y Sl tr A to Y B x test

I



h X A 4 5 YB

For 580 we see that syp LEX Y S g 4,5 α

The best upper bond is achieved through gCY.SI

However if A 4 5 0 the g y S
0

Consequently we arrive at the constraied optimization

s

This is equivalent to YB

dual problem

NB This approach can also be used to
go from

a

uninitization to a maximization problem

Why agreg approenseful

It does not require the SDP to be i standard for



Et Computation of the trace nor

11211 fmax2trl.EE
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A E 27 R S HCS Z

ID win tris 21

sit 22 R S 0

R.SI 0

Setting 5 S Z this can be further siplified

to min Ir S
5 t 5 2 70

2 570
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Example State estimation problem What is the

closest state to a target 6 that

fits with an observed measurement record

my W Mrs x 1 IN

minimize 115 6112

s.t.HIMXSI nxtt 1
IM

A priori 115 all is not linear in 5 not a SDP

But we knew that 115 6112 mi tr 5 set 5 5 o

Inserting this cito a

minimize to 51
s.tt 4 m

mif

S



This problem is indeed an SDP
NB Identification of what problems are actually

SDPs is ongoing research but there are

many ingenious tricks to obtain SDP forum
laki s see Watrous lecture notes

Waterloo Quantum Info
lecture.se

wfo tiondexample



Robustness of coherence how coherent is a quantum state

Idea measure coherence by robustness to noise

Let IC be the set of all intolerant states i n the set

of all states that satisfy Δ 33 3 where Δ is the co plately

dephasing map The robustness of coherence is defined
as

R.ES win so Is JEIC

graphically
Marion the

resource theory

of coherence

Can this be computed via SDP

2 s win s

s t S t s 6 1 513 a non linear constraint

570 630 370
w fol NI 1

3 3 0

But We can set Ats to re write this optimization

R.IS min tr 131 1

sit S I This is indeed

30 a SDP

Δ I J 0



What can we learn from its dual

J R S.tl Wiz 1 h R j 51 triszt

ACT 53 217
Ief dual map

W A R S DCT T1 1 AIRS I

R s max W RS 1

sit 1 R S ACT T 0

R S 30

This can be further massaged

R 5 max tr RSI 1
s.t.R

1 I.fi E next
with ones on the diagonal

R o

Finally R.IS max tries 1

sit O R x ̅

diag I 1

We can even remove the inequality If R is feasible then



diag Ra 1 Completing it to Ex that satisfies diag XI 1

can only improve the value

Refs max tr Rs 1

sit I 30

diag I 1

Setting V R 1 this allows for a nice interpretation in

terms of witnesses of coherence

R.CSJwaxtrfwss.hrW 1 0

diag W of

Any such W will yield to WJ 0 for incoherent states but

positive values for any
coherent state s i witness of coherea


