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Magnetism and  Superconductivity

PYU44P03 J.M. D. Coey 24  (lectures + tutorials)

Moday11, Wednesday, 10  Thursday 10  Weeks 22 - 31

ü Inntroductorylecture/discussions 4 x 1 hr

üMOOC  Short lectures on Magnetism 4 x15ô

Look at one before lectures 2, 3, 4, 11 

>  Magnetism lectures 9 x ~1hr

üSimple Metal Physics lectures 2 x ~1h

üSuperconductivity recorded lectures 9 x ~1h

> Some recommended U-tube videos 3 x10ô
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Magnetic Properties of Solids

Books

PYU44P13 J.M. D. Coey12 (lectures + tutorials)

ÅJ M D Coey: Magnetism and Magnetic Materials, Cambridge 2010
A detailed advanced text..Sections1.1-.4; 2.1-4; 3.1-2; 1,4.1-3; 5.1-2; 6.1-2; .7.1-.3; 11.1

ÅStephen Blundell Magnetism in Condensed Matter, Oxford 2001 
A readable treatment of the basics.

ÅJ. Crangle; The Magnetic Properties of Solids, Arnold 1977: 1990 
A short book which treats the material at an appropriate level. 

ÅDavid Jiles Introduction to Magnetism and Magnetic Materials,               Chapman and 

Hall 1991; 1997; 2015
A more detailed introduction, written in a question and answer format. 638 pages. Published March 2010

From Amazon.defor ~ú52
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1. Introduction      Lecture 1

1.1 Historical background.        

1.2 Magnetization and hysteresis; 
Overview

2. Basic concepts 1 Lectures 2,3

2.1 Moments and Magnetization      MOOC1.1

2.2 Two fields B and H                    MOOC1.2

2.3 Energy and Force  

2.4 Units and Dimensions

3. Magnetism of the electron 2 Lectures 4,5

3.1 Spin and Orbital moment MOOC2.1

3.2 Electrons in a Field

3.3 Magnetism of electrons in solids.

3.4 Localized and delocalized electrons

3.5 Theory of the electronic magnetism

4. Magnetism of localized electrons on the atom Lectures  6,7

4.1 The hydrogenic atom and angular momentum.

4.2 The many-electron atom.

4.3 Addition of angular momenta

4.4 Zeeman interaction

4.4 Ions in solids

5. Paramagnetism Lecture 8

5.1 Classical Theory

5.2 Quantum theory

5.3 Paramagnetismof metals

6. Ferromagnetism 3 Lecture 9,10

6.1 Mean field theory

6.2 Exchange Interactions. 

6.3 Ferromagnetic domains

6.4 Magnetic measurements

6.5 Hard and soft ferromagnets

7. Miscellaneous Topics Lecture 11

7.1 Antiferromagnetism

7.2 Ferrimagnets.

7.4 Spin waves

7.5 Spin electronics MOOC2.2

See also some YouTube videos
1 Richard Feynman Magnets
2 How Special Relativity Makes Magnets Work
3 Magnets: How Do They Work?

Magnetism module overview
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Video Material.
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Since the detailed Magnetism and Spin Electronics Website has been taken rendered inaccessible by IT 

services, it will take some time to reinstate it properly.

For this course, the video material you need to, or the appropriate links to it can be found on Blackboard. 

ðFour short MOOCs (15ô each) constituting an introduction to magnetism and spintronics have been 

recorded professionally at the University of Mainz

MOOC 1.1  Introduction ð Basic Ideas 1  

MOOC 1.2  Introduction ð Basic ideas 2

MOOC 2.1  Electron spin

MOOC 2.2  The way into spintronics

U-tube videos:
Richard Feynman Magnets   https://www.youtube.com/watch?v=Dp4dpeJVDxs
How Special Relativity Makes Magnets Work https://www.google.com/search?client=firefox-b-
d&q=https%3A%2F%2Fwww.youtube.com%2Fwatch%3Fv%3D1TKSfAkWWN0#fpstate=ive&vld=ci
d:2aca1753,vid:1TKSfAkWWN0
Magnets: How Do They Work?
https://www.google.com/search?client=firefox-
d&q=Magnets%3A+How+Do+They+Work%3F+#fpstate=ive&vld=cid:5f988f88,vid:hFAOXdXZ5TM
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1. Introduction
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-1000 0 1600 1820 1900 1935 1960 2000

Seven ages of Magnetism
www.tcd.ie/Physics/Magnetism/Guide/magmoments/php

1.1 A little history; Magnetism

Magnetism has changed the world three times

Exploration of 

the planet

The electromagnetic 

revolution

The information 

revolutionFirefox https://outlook.ofýce365.com/mail/inbox/id/AAQkAGNmOG...

1 of 1 20/01/2021, 12:35
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1 - The Compass

ñPrinting,gunpowderand the compass: Thesethreehavechangedthe wholefaceand

stateof things throughoutthe world; the first in literature, the secondin warfare, the

third in navigation; whencehave followed innumerablechanges,in so muchthat no

empire,no sect,no star seemsto haveexertedgreaterpower and influencein human

affairs thanthesemechanicaldiscoveries.ò
Francis Bacon NovumOrganum 1620

9

1.2 The Three Magnetic Revolutions
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ShenKua ( ) reportedhow to make

magnetizediron needlesin 1060, and he

describedthe suspendedneedlecompass

in 1088. Thermoremanenceandinduced

magnetizationwerediscoveredin China.

The Englishmonk AlexanderNeckham,

working at theUniversityof Paris,gives

the first European account of the

compassin 1190.

Carved Lodestone

óSouth pointerô
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Zheng He 1371-1432

Yongle Emperor

1402         1424

Chinese 

compass

11

120m Treasure ship
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Portuguese compass 18th century.

Christopher Columbus 

1452 - 1506

1492

12

20 m Santa Maria, La Pinta, La Niña1
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William Gilbert wrote DeMagnete in 1600, denouncing speculation and 

folklore. He insisted on experiments as the way to get to the truth

Experiments on lodestone 

terellae led William Gilbert 

to conclude in 1600 that 

Magnus magnes ipse est

globus terrestris

The beginnings of modern Science

13PYU44P03  2021PYU44P13  2023



Edmond Halley led three 
research voyages from 1698 -
мтлм ǘƻ ƳŀǇ ǘƘŜ 9ŀǊǘƘΩǎ 

magnetic field. 

Magnetic exploration of the Earth for much of the 18th century was 

motivated by the desire to solve the longitude problem

The horseshoe magnet 
popularized by Daniel 

Bernouilliin 1743 was a clever 
solution to the problem of 

self-demagnetization

A large lodestone presented to 
TCD in 1724 for experiments in 

natural philosophy

14PYU44P13  2023



2 - The Electromagnetic Revolution

ñFrom a long view of the history of mankind, there can be little doubt that the most 

significant event of the 19th century will be judged as Maxwells discovery of the laws 

of electrodynamics.ò

Richard Feynman 1970

15PYU44P13  2023



The electromagnetic revolution; 1820  to 1905

Oerstedôsfamous 1820 experiment 

showed that a current-carrying conductor 

created a field everywhere perpendicular

to the wire 

16

Hans Christian Oersted

1777 - 1851
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Within a week of the news reaching Paris in August 1820, Andre-Marie Ampère and

Francois Arago showedthat a current-carryingcoil actsasa magnet,especiallywhenwound

into a solenoid. Ampère measuredthe force betweenconductors,and proposedthat huge

internalelectriccurrents(óamperiancurrentsô)wereresponsiblefor themagnetismof iron.

Laplace

Poisson

Fresnel 

Fourier

Biot

Savart m = i A

m

i

17PYU44P13  2023



It was a field day for experimentalists. The most intuitive and talented of all was Michael 

Faraday, who made a simple motor, discovered electromagnetic induction in 1831 and 

found a connection between magnetism and light (magneto-optic Faraday effect).

Faradayôs electromagnet  

18PYU44P13  2023



1820 Oersted discovers the magnetic effect of electric currents

1821 Ampere attributes the magnetism of matter to ómolecularô currents 

1821 Faraday builds a primitive electric motor

1825 Sturgeon invents the first pracical electromagnet

1831 Faraday discovers electromagnetic induction

1833 Gauss and Weber build a telegraph more than 1 km long, with a galvanometer as the receiver

1845 Faraday discovers paramagnetism and diamagnetism

1847 Helmholtz states the conservation of energy in a general form

1858 The first transatlantic telegraph cable

1864-73 Maxwell formulates the theory of electromagnetism

1869 Gramme invents a practical dynamo

1879 Swan invents a practical incandescent bulb

1881 First public electric railway demonstrated in Berlin

1882 First hydroelectric power station

1885 Morse code

1887 Hertz generates and detects radio waves

1887 Michelson and Morely fail to detect the motion of the aether

1888 Tesla invents a practical AC motor

1890 Ewing describes hysteresis

1895 Curie describes the temperature variation of paramagnetic susceptibility

1896 Marconi patents the radio; transmits radio signals across the Atlantic in 1901

1898 Valdemar Poulson invents magnetic recording

A torrent of discoveries ensued:

19PYU44P13  2023



Berlin 1881

High speed train; 200 km/h 1900

Metros

Trams

Integrated public 

transport

20PYU44P13  2023



Maxwellôs equationsé 

In freespacetwo fields,E (N/C) andB (T) areneeded,in mattertherearefour.

Thetwo magneticfieldsB (T) andH (A/m) arerelated: B = m0 (H + M)

Thefieldsarerelatedto thechargedensityr(C/m3),and

thecurrentdensityj (A/m2) atapointandtwo constants.

c = 1/ã(e0m0) c = 2.998× 108 m/s (velocityof light)

Also, theLorenzforceonamovingchargeq, velocityv

F = q(E + v³B)

21

m0 = 4́  10-7 T m/A

Ů0 = 8.85 10-12 C V/m
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Magnetization

M = m/V



3. The Information Revolution
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The m - J paradigm:

m represents the 

magnetic moment, 

mainly localized on 

the atoms

J  represents the 

exchange coupling of 

electron spins. 

At this point it seems that the whole of chemistry and much of physics is understood in 

principle. The problem is that the equations are much to difficult to solve...P.A.M. Dirac

1930 Solvay Conference  

Dirac    Heisenberg

The 1930 Solvay conference celebrated our understanding of magnetism in 

terms of quantum mechanics (exchange) and relativity (spin)

Magnetism Understood 1905 - 1930

PYU44P13  2023
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Magnetism and semiconductor physics are the two pillars supporting information 

technology.

Information Age

S
e

m
ic

o
n

d
u

c
to

rs

10 x  1021 bytes of new information aregenerated 

every year, most is stored é Magnetically

Every year we make more transistors and magnets in our 

fabsthan we grow grains of wheat and rice in our fields.Magnets store           Semiconductors  

information process      

information
INTEL make 5 109 transistors per second. (20 1016 p/a)  

Giga 9

Tera 12

Peta 15

Exa 18

Zetta 21

Yotta 24
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Magnetic recording is the partner of semiconductor technology in the information 

revolution. It provides the permanent, nonvolatile storage of information for 

computers and the internet. ~ 1 exobit(1021bits) of data is stored

Information 

Age

S
e

m
ic

o
n

d
u

c
to

rs

1mm2            

GMR

TMR

AMR

perpendicular

1 mm2

180002.51160 Gb2005

12002450x240 Mb1955

rpmsizeplatterscapcityyear

AMR GMR TMR 
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A Server -

Facebook have 

30,000 of them

All the 

information 

accessed with 

web browsers is 

stored as  

magnetic 

records on hard 

discs in servers.

26

This is what 

the ñcloudò 

looks like
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-1000 0 1600 1820 1900 1935 1960

2000

Two eras of Superconductivity

1.4 A little history: Superconductivity

Superconductivity has not yet changed the world

Discovery BCS Theory

?

PYU44P13  2023



Daniel Bernouilli 1743

S N

GowindKnight 1760

ShenKwa 1060

The shape barrier broken: 1954

Mishima1930

For centuries, magnets had to be made in awkward shapes, to avoid demagnetization. 

Philips 1952

28PYU44P13  2023

1.5 Modern Breakthroughs



 

Any macroscopic magnet 

exhibiting remanence is in 

a thermodynamically-

metastable state.

M (Am-1)

H (Am-1)

Hc

Ms

Mr

Load line;  slope -1/N
N = 0.5

The hysteresis loop (hard magnet)    

Hdæ-N M

Magnetostatic energy Ems = ½N µ0M
2
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Any macroscopic magnet 

exhibiting remanence is in 

a thermodynamically-

metastable state.

M (Am-1)

H (Am-1)

Hc

Ms

Mr

Load line;  slope -1/N
N = 0.5

The hysteresis loop (hard magnet)    

Hdæ-N M

Magnetostatic energy Ems = ½N µ0M
2
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Coercivity

The story of magnetic materials in the 20th century was the story of mastery of coercivity.

1900:    103 <  Hc < 105 A m-1 2000: 1  <  Hc < 2 107 A m-1

*

*

*

*

31PYU44P13  2023
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2. Basic ideas

This section introduces the magnetization M and the two magnetic fields 

B and H.  These are vectors which are defined at every position r in a 

solid.

It is assumed that there is no time-dependence, i.e. we are in the 

magnetostaticregime

Units and dimensions in magnetism are discussed. 

View the MOOC 1.1 beforethe lecture. We begin with magnets.

See Richard Feynman Magnets     7ô

https://www.youtube.com/watch?v=Q1lL-hXO27Q

PYU44P13  2023
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2.1 Magnets and magnetization

3 mm 10 mm 25 mm

m is the magnetic (dipole) moment of the magnet & it is proportional to volume

m = MV

magnetic moment               volume 

magnetization

If they are made of Nd2Fe14B 

(M å 1.1 MAm-1)

What are the moments?

0.03 Am2 1.1Am2 17.2Am2

Magnetic moment is a property of a particular magnet.  [Am2]  

Magnetization is the property of the material.  [Am-1]. 

34

MOOC 1.1   13'
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Magnetic moment ςa polar vector

Each magnet creates a 

field around it. This acts 

on anymaterial in the 

vicinity but strongly with 

another magnet. The 

magnets attract or repel 

depending on their 

mutual orientation.

¬¬ Weak repulsion

¬® Weak attraction

«« Strong attraction

«­ Strong repulsion

Nd2Fe14B

Tetragonal 

crystal axis is 

the axis of 

magnetization 

35PYU44P13  2023



Permanent magnets win 

over electro-magnets at 

small sizes

Units

What do the units mean?

mïA m2

MïA m-1

m

Ampère (1821) - A current loop 

or coil is equivalent to a magnet.

m = IA

area of the loop

m = nIA

number of turns

1A

36

ḳḳ

1 A m2

10,000 A
10,000 turns

Cm

I

Right-hand corkscrew

PYU44P13  2023



Magnetic field Hdue to a current I

C
I

H

Right-hand corkscrew

 

Ú H.dl = I Ampère s law

The relation between electric current and magnetic field 

was discovered by Hans-Christian Øersted(1820).

H

Earth s field å 40 A m-1

37

In free space B = µ0H

r

H = I /2pr

If I = 1 A, r = 1 mm   

H = 159 A m-1 long solenoid with n
turns m-1     H = n I    

PYU44P13  2023

Integration path
Derive from M3

(slide 21)

Ð³B=m0j
+

StokeôsTheorem
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Magnetic field due to a moment m

 

Dipole field

m

er

eq

q

It is independent of f

Note: The field is anisotropic: At óAô, a point r on the axis, it is twice as 

big as at óBô a point r perpendicular to the axis, and oppositely directed.

B

A

╗
ά

τ“ὶ
ςÃÏÓ—▄► ÓÉÎ—▄Ᵽ
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Magnetic field due to a moment m;   Scaling

m r
q

P

ma

Why does magnetism lend itself to 

miniaturization ?

A

ω!

If a = 0.01m, r = 2a, M = 1 MA m-1   

HA = M/16på  20 kA m-1

Magnet-generated fields just depend on M. 

They are scale-independent.

Just like the field of 

an electric dipole

Estimate the average 

magnetization of the 

Earth. (re = 6400 km)

39

H= (m /4pr3){2cosqer- sinqeq}

HA = 2Ma3/4pr3

PYU44P13  2023



2.2 Magnetization curves - Hysteresis loop

 

coercivity

spontaneous magnetization

remanence

major loop

virgin curve

initial susceptibility

M

H

The hysteresis loop shows the irreversible, nonlinear response of a ferromagnetto a 

magnetic field. It reflects the arrangement of the magnetization in ferromagnetic 

domains. A broad loop like this is typical of a hard or permanentmagnet. 

40PYU44P13  2023



Soft magnets

H

MA softor temporarymagnet shows almost 

no hysteresis.

Slope here is the initial 

susceptibility ci > 1

Ms

Susceptibility is 

defined as c= M/H

Applied field

Iron, nickel and permalloyare soft ferromagnets. They have cubic crystal 

structures with no unique easy axis of magnetization. 

Spontaneous magnetization of a ferromagnetdisappears above its Curie point, TC .

Ms (MAm-1) TC ( C̄)

Fe 1.71 771

Ni 0.49 355

Fe20Ni80 0.83 570
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4 Be
9.01

2 + 2s0

12Mg
24.21

2 + 3s0

2 He
4.00

10Ne
20.18

24Cr
52.00

3 + 3d3

312

19K
38.21

1 + 4s0

11Na
22.99

1 + 3s0

3 Li
6.94

1 + 2s0

37Rb
85.47

1 + 5s0

55Cs
132.9

1 + 6s0

38Sr
87.62

2 + 5s0

56Ba
137.3

2 + 6s0

59Pr
140.9

3 + 4f2

1 H
1.00

5 B
10.81

9 F
19.00

17Cl
35.45

35Br
79.90

21Sc
44.96

3 + 3d0

22Ti
47.88

4 + 3d0

23V
50.94

3 + 3d2

26Fe
55.85

3 + 3d5

1043

27Co
58.93

2 + 3d7

1390

28Ni
58.69

2 + 3d8

629

29Cu
63.55

2 + 3d9

30Zn
65.39

2 + 3d10

31Ga
69.72

3 + 3d10

14Si
28.09

32Ge
72.61

33As
74.92

34Se
78.96

6 C
12.01

7 N
14.01

15P
30.97

16S
32.07

18Ar
39.95

39Y
88.91

2 + 4d0

40Zr
91.22

4 + 4d0

41Nb
92.91

5 + 4d0

42Mo
95.94

5 + 4d1

43Tc
97.9

44Ru
101.1

3 + 4d5

45Rh
102.4

3 + 4d6

46Pd
106.4

2 + 4d8

47Ag
107.9

1 + 4d10

48Cd
112.4

2 + 4d10

49In
114.8

3 + 4d10

50Sn
118.7

4 + 4d10

51Sb
121.8

52Te
127.6

53I
126.9

57La
138.9

3 + 4f0

72Hf
178.5

4 + 5d0

73Ta
180.9

5 + 5d0

74W
183.8

6 + 5d0

75Re
186.2

4 + 5d3

76Os
190.2

3 + 5d5

77Ir
192.2

4 + 5d5

78Pt
195.1

2 + 5d8

79Au
197.0

1 + 5d10

61Pm
145

70Yb
173.0

3 + 4f13

71Lu
175.0

3 + 4f14

90Th
232.0

4 + 5f0

91Pa
231.0

5 + 5f0

92U
238.0

4 + 5f2

87Fr
223

88Ra
226.0

2 + 7s0

89Ac
227.0

3 + 5f0
62Sm

150.4

3 + 4f5

105

66Dy
162.5

3 + 4f9

179 85

67Ho
164.9

3 + 4f10

132 20

68Er
167.3

3 + 4f11

85 20

58Ce
140.1

4 + 4f0

13

Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
16.00

35

65Tb
158.9

3 + 4f8

229 221

64Gd
157.3

3 + 4f7

292

63Eu
152.0

2 + 4f7

90

60Nd
144.2

3 + 4f3

19

66Dy
162.5

3 + 4f9

179 85

Atomic symbol
Atomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

Metal

Radioactive

Magnetic Periodic Table

80Hg
200.6

2 + 5d10

93Np
238.0

5 + 5f2

94Pu
244

95Am
243

96Cm
247

97Bk
247

98Cf
251

99Es
252

100Fm
257

101Md
258

102No
259

103Lr
260

36Kr
83.80

54Xe
83.80

81Tl
204.4

3 + 5d10

82Pb
207.2

4 + 5d10

83Bi
209.0

84Po
209

85At
210

86Rn
222

Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom

25Mn
55.85

2 + 3d5

96

20Ca
40.08

2 + 4s0

13Al
26.98

3 + 2p6

69Tm
168.9

3 + 4f12

56
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Paramagnets, diamagnets & antiferromagnets.

M

H

Diamagnet

Paramagnet

Here |c| << 1

|c| is 10-4 - 10-6

Ordered T < Tc

Disordered T > Tc

43

Only a few elements and alloys 

are ferromagnetic. (See the 

Magnetic Periodic Table). 

The atomic moments in a 

ferromagnetorder spontaneously 

parallel to each other.

Most have no spontaneous 

magnetization, and they show 

only a very weak response to a 

magnetic field.  M = cH

A few elements and many oxides 

are antiferromagnetic. The 

atomic moments order 

spontaneously antiparallel to 

each other. 
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paramagnets

diamagnets

Susceptibility of the elements
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B is the primary magnetic field. It satisfies Maxwells equation. (slide 21) M1

Ð.B = 0         The vector operator Ð means όҜκҜx, Ö/Öy, Ö/Öz).

'Ð.' is the divergence (div) of a vector. 

The scalar product Ð.B = ҜBx/Öx + ÖBy/Öy + ÖBz/Öz

Ð.B = 0 can be written in integral form over anyclosed surface S as

ñS B.dA = 0   Gausss law 

In other words the flux F(= BA) through any closed surface 

is zero. B is sometimes called magnetic flux density. The lines 

of Bform complete loops. There are no magnetic ópolesô.

Units of B are Tesla  (T).

47

2.3   The magnetic fields fields Band H:
The B-field

S

MOOC1.2  16'

PYU44P13  2023



Typical values of B in free space 
(for H in A m-1 multiply by 800,000)

Human brain 1 fT

Magnetar1012 T

Superconducting 

magnet 10 TElectromagnet 1 T

Helmholtz coils 10mT
Earth 50mT

Permanent magnets 0.5 T
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The other Maxwell equation for B is               M3

Ð 'Ð³' is the rotation (curl) of a vector, 

Ð+

In a static situation

Ð³H = m0 j

The equivalent integral formulation is Ampereôs law

ñB.dl = m0I  

A different formulation is the Biot-Savart Law, which 

gives the field due to a current element I ŭl

M1 and M3 follow

Field at the centreof a current loop B = µ0I/2r.

2.3   The magnetic fields fields Band H:
The H-field

Ð³B = m0(j + e0µE/µt). 

Ð³B = ex(ÖBy/Öz-ÖBz/Öy)- ey(ÖBz/Öx-ÖBx/Öz)+ ez(ÖBx/Öy-ÖBy/Öx)

ŭB = m0 I ŭl x r /4ˊr3

ŮB

IŮl

IŮl
ŮB
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The current density j = jc + jM, where jc is the conductioncurrent density, and 

jM = Ð³M

is the current density associated with the magnetization. 

The problem is that we can measure jc but we have no way to measure jM.

Since

Ð , 

it follows that 

Ð.

We just define

or 

B = µ0(H + M)

H has the same units asM

Ð³B = µ0(jc + jM)

Ð³(B/µ0 ςM) = jc. 

H= (B/µ0 - M)
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Now we can retain Ampere's law for the field H, which does not depend 

on the unmeasurable currents jM.

In point form,                             

Ð³H = jc
or in integral form                     

ñH.dl = Ic

The H-field is not solenoidal, because ÐȢ╗ πdoes not always hold. 

In fact ÐȢ╗ πwhereverÐ. M 0̧, which means that the H-field will 

have sources (or sinks), e.g. at the surface of a magnet (these are the 

famous North and South ópolesô of a magnet).
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In free space, M = 0 and the H-field is simply proportional to the B-field.  

There is no significant difference between them.  

Permeability µ is the ratio B/H.      Susceptibility cis M/H     µ = µ0(1 

+c)

µ0 is the permeability of free space.             

In free space B = µ0H µ0= 4ˊ x 10-7TmA-1 1 T å 800,000 A m-1

Note that the H-field is created notonlyby conduction currents. Any 

piece of magnetized material creates an H-field both in the space around 

it and within its own volume. 

Generally the field at a point is H = H0 + Hd, where H0 is the external 

field, and Hd is the field created by the magnet itself, which is known as 

the stray field outside the magnet, and the demagnetizing field inside the 

magnet.
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The general relation between B, H and M is

B = m0(H + M)

i.e. H = B/m0 - M

We call the H-field due to a magnet  - stray field outside the magnet

- demagnetizing field (Hd) inside 

the magnet

B, Hand M in and around a permanent magnet

53

 

BMH

+ + + + +

- - - - -

ӎ
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It is convenient to derive a field from a potential, by taking a spatial 

derivative, for example 

E(r) = -Ðje(r)

where je(r) is the electric potential. Any constant j0 can be added to je(r). 

For B, we know from Maxwellôs equation that                        MI

Ð. B(r)= 0. 

Using the vector identity 

Ð.Ð³A(r) = 0,

we can derive B(r) from avector potentialA(r),

B(r) = Ð³A(r)

Thegradient of any scalar f can be added toA (a gauge transformation) ,

because 

Ð³Ðf = 0. 

Potentials for Band H
Vector potential for B
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Generally, H(r) cannotbe derived from a potential. 

In a static situation it satisfies

Ð ╗ ▒.     

When no conduction currentsare present, 

Ð³H = 0,
we can use

Ð³Ðf = 0. 
to get

H(r) = -Ðjm(r) 

In these special conditions, it is possible to derive H(r) from a magnetic scalar 

potential jm(r). 

We can imagine that H is produced by the distribution of magnetic óchargeô, 

i.e. North and South poles.

Scalar potential for H

Ð³H = jc
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B^

H||

At any interface, it follows from Gausss law

ñS B.dA = 0 

that the perpendicular component of B is 

continuous. 

It follows from Amp¯reôs law

ñH.dl = I = 0

that the parallel component of H is continuous, 

i.e. there are no conduction currents on the surface.

Boundary conditions for Band H
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Demagnetizing field in a material - Hd

The demagnetizing field is the field produced by the magnet in its own volume. 

It depends on the shapeof the sample and the direction of magnetization.

For simple uniformly-magnetized shapes (ellipsoids of revolution) the 

demagnetizing field is related to the magnetization by  a proportionality factor 

N known as the demagnetizing factor. The value of N can never exceed 1, 

nor can it be less than 0.

Hd = - N M

More generally, this is a tensor relation. N is then a 

3 x 3 matrix, with trace 1. That is 

N x + N y + N z = 1

Note that the internal field H is always less than the applied 

field HΩsince

57

H = Hô- N M

 

H

demagnetizing 

field 

PYU44P13  2023



Demagnetizing factor N for special shapes 

N = 0                   N = 1/3 N = 1/2 N = 1 

Long needle,  

M perpendicular 

to the long axis

58

Hô Sphere

Toroid, M perpendicular 

to r

Thin film,  

M perpendicular to 

plane

Thin film,  M parallel 

to plane

Long needle,  M parallel 

to the long axis
Hô

Hô

Hô

PYU44P13  2023
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When is the demagnetizing factor N approximation exact ? 

Two uniformly magnetized shapes with µ0M = 1 T and  N = ½, an ellipsoid 

of revolution (left) and a cylinder (right).

The approximation is exact only for the ellipsoid of revolution. Hd = -0.5 T

M     H M     H



2.4 Magnetic fields - Internal and applied fields

The internal and applied fields are not the same. If they were, any 

applied field would instantly saturate the magnetization.

Consider a thin film of iron.

Substrate

Iron

M

Hô
Field applied 

t̂o film

Field applied 

|| to film

H = H + Hd

Ms

Internal field                 Demagnetizing field               

Applied field 

60

The magnetization is a response 

to the internal field. 

Hence Hi = 0 during the 

magnetization process
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Daniel Bernouilli

1743

S N

GowindKnight 

1760

Shen Kwa 

1060N < 0.1

New icon for permanent magnets! Ý

The shape barrier

N = 0.5

T. Mishima

1931
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M (Am-1)

H (Am-1)Hc

Ms

Mr

Hd

working 

point

The shape barrier ovecome!

Hd = - N M

62

The working point of the magnet is always in the second quadrant.

M = - H/N
Load line

 

H
+ + + + 

+

- - - - -
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ωIn free space an external field B (or H0), created by conduction currents or magnets or 

both, interacts with a magnetic moment m and modifies its energy:

E = - m . B (i.e. - |m||B|cosq)

ωDifferentiating gives the torque G= -

G= m³B (i.e. |m||B|sinq) (the compass is an example)

Note the moment precessesaround the field when m is not parallel to B. The magnetic 

moment is due to electric currents, and the Lorentz force F on a moving electron  

[F = -e(v ³B)] is perpendicular to its motion, and therefore the total energy does not change.

The magnetic moment is analogous to a spinning top, which precesseswhen acted on by a 

gravitational torque. The magnetic moment is proportional to an angular momentum l

m =  gl where  is the gyromagnetic ratio

ωThe force on a magnetic moment f = -ÐE = Ð(m . B) depends on the field gradient

There is no net force in a uniform field.

2.5 Energy and force on a magnetic moment

B

m
q

e
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B(H) hysteresis loop

Engineers usually show the B(H) hysteresis loop, rather than the M(H) loop.

They are related by B = m0(H + M). The high-field slope, when M is 

saturated, is m0

                                        

                                        

                                        

                                        

                                        

                                        

H (A m-1)

B
(T

)

Working point slope = m0

BHc

Br 

(BH)max

64

Note 1: BHcÍHc

Note 2: Energy 
product (BH)max

cannot exceed 
(1/4m0)Br

2
.
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Some expressions involving B

F = q(E + v³B)     Force on a charged particle q

SeeHow Special Relativity Makes Magnets Work*

F = B i l Force on current-carrying wire

emf= -nAdB/dt Faradayôs law of electromagnetic induction

Ů= - m.B Energy of a magnetic moment

F =  Ðm.B Force on a magnetic moment

ũ= m  x  B    Torque on a magnetic moment

Note: Whenever H interacts with matter, µ0 comes in. 

65

*https://www.youtube.com/watch?v=1TKSfAkWWN0

PYU44P13  2023



A note on units

Magnetism is an experimental science, and it is important to be able to 

calculate numerical values of the physical quantities involved.  There is 

a strong case to use SI consistently

üSI units relate to the practical units of electricity measured on the 

multi-meter and the oscilloscope

üIt is possible to check the dimensions of any expression by 

inspection.

üThey are almost universally used in teaching

üUnits of B, H, For have been introduced.

BUT 

Much literature still uses cgs units. You need to understand them too. 
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SI / cgsconversions:

SI units

║ ‘ ╗ ╜

A m2

A m-1 (10-3 emu cc-1)

A m2 kg-1 (1 emu g-1)

A m-1     (4ˊ/1000 å 0.0125 Oe)

Tesla          (10000 G)

Weber (Tm2)     (108 Mw)

V (108 Mw s-1)

- (4ˊ cgs)

cgs  units

║ ╗ τ“╜

emu

emu cc-1 (1 k A m-1) 

emu g-1 (1 A m2 kg-1)

Oersted (1000/4́ å 80 A m-1)

Gauss (10-4 T)

Maxwell (G cm2)      (10-8 Wb)

Mw s-1 (10 nV)

- (1/4́ SI)

m

M

ů

H

B 

F

dF/dt

ɢ
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Dimensions

68

The dimensions of any physical quantity can

be expresses as a product of the dimensions

of some fundamental physical quantities.

These are, in the SI system

Mass ïm

Length ïl

Time ït

Current ïi

Temperature ïɗ e.g Area ïl 2

Density ïm l -3 etc.
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- [0, 2, 0, 0, 0 ]

70

Examples
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A

B

I

dl

r
m

e

Calculation of the field of a dipole (current loop)

Hence :

At point A ïmagnetic field above the centerof a perfect square loop (BA):

Use Biot-Savart Law Also note:

Add up the four contributions 

from each part of the loop and 

evaluate the cross product

Substitute the expression for sineas 

given in the greenbox

Tidy the expression

Use the fact from the green box 

m = I(dl)2

ŮB = m0 IŮl x r/4ˊr3

sine= dl/2r m = I(dl)2

BA = (4 µ0 I/4ˊr
3 )dl r sine

BA = (4 µ0 I/4ˊr
3 )dl r dl/2r

BA = (2 µ0 I/4ˊr
3 )dl 2
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A

B

I

dl

r

m

e

Calculation of the field of a dipole (current loop)

At point B ïmagnetic field outside in line the centerof a perfect square loop (BB):

Here we first must work out the contribution 

to the magnetic field at point B due to each 

part of the loop separately. 

Note that for 1 & 3:  ‏■Ṷ►

r

e

1
3

2

4

Use Biot-Savart Law

ŮB = m0 IŮl x r/4 ŕ3

Contribition

from 1 

Contribition

from 3 

Contribitions

from 2 & 4 
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Calculation of the field of a dipole (current loop)

Hence :

At point B ïmagnetic field in the plane outside the centerof a perfect square loop (BA):

Add up the four contributions 

from each part of the loop and 

take r2 outside the curly brackets

Substitute the expression for sine

as given in the green box and 

Taylor expand the first two terms 

assuming 

Use Biot-Savart Law Also note:

ŮB = m0 IŮl x r/4ˊr3 sine= dl/2r m = I(dl)2

Use the fact from the green box 

m = I(dl)2

BB = (µ0Idlκпˉr
2){(1 + dl/ r) - (1 -dl/ r) -dl/ r}

BB = (µ0Idlκпˉr
2){1/(1 -dl/2r)2ς1/(1 + dl/2r)2 - 2sine}  
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A

B

I

dl

r
m

e

q

C

A

B

m

mcosqmsinq

What we found:

Now we can write down the B-field due to the 

loop at a generic point C in polar coordinates

Magnetic Dipole Field Equation!

Now re-express the formula for B in terms of components of along m and r

Homework

Prove that result is true

BC(r,q) = (m0m /4pr3){2cosqer + sinqeq}

Calculation of the field of a dipole (current loop)

BC = BAcosqer + BB sinqeq}
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3. Magnetism of the electron

The origin of magnetism in solids is the quantized angular momentum of 

the negatively-charged electrons. 

There are twodistinct sources: 

ð orbital motion 

ð spin

MOOC 2.1.    13ô
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multi-atom

solids

Ordered

Introduction Basic 

Ideas

M. B, H

Energy

Magnetism 

of the 

electron

Magnetism of 

interacting atoms 

Ferromgnetism
Other 

topics

Paramagnetism

Applications

Magnetism 

of the atom 

with one or 

more 

electrons

single electron

magnetism.

multi-electron

atoms

E & M Quantum theory
Molecular field theory

Disordered
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Einstein-de Haas experiment

This demonstratesthe reality of the relation betweenthe

magneticmomentof abodyandits angularmomentum.

m = gl

An iron rod is suspendedon a torsion fibre. The field in the

solenoidis reversed,changingthedirectionof magnetization

of the iron. It rotates,to conserveangularmomentumasthe

angularmomentaof theelectronsarereversed.

In Fe the moment is essentially due to the spin of the

electrons. An electron has a spin moment of one Bohr

magneton(1µB = 9.2710-24 Am2).

torsionfibre

Fe rod

M

B

However,m perFeatomis only 2.2 µB. Thereareonly ~ two electronswith an

unpairedspin,althoughthenumberof electronsperatomin iron is Z = 26

Iron is a metal, where the valenceelectronsare localized but have no net

moment. Theconductionelectronsaredelocalized,andspinpolarized.

Solenoid 

B = m0nI
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67Ho
164.9

3 + 4f10

132 20

68Er
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3 + 4f11

85 20

58Ce
140.1

4 + 4f0
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Ferromagnet TC > 290K
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8 O
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35

65Tb
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Atomic symbol
Atomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

Metal

Radioactive

Magnetic Periodic Table

80Hg
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2 + 5d10
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238.0
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94Pu
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95Am
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96Cm
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97Bk
247

98Cf
251
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3 + 5d10

82Pb
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4 + 5d10

83Bi
209.0

84Po
209

85At
210

86Rn
222

Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom

25Mn
55.85

2 + 3d5

96

20Ca
40.08

2 + 4s0

13Al
26.98

3 + 2p6

69Tm
168.9

3 + 4f12

56
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Magnetism of the electron

ð orbital motion;  Bohrôs quantum theory. 

ð spin;  An intrinsic property of the electron; Diracôs theory

Spin itself and spin-orbit coupling of these two types of magnetic

momentsarerelativisticeffects.

The description of magnetismin solids is fundamentally different

dependingon whetherthe electronsare localizedon the ion cores,or

delocalizedin energybands.

We focus on localizedmagnetismin this part of the course,wherean

integralnumberof electronsarelocalizedoneachatom
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3.1 Spin and orbital moments of the electron

The magnetic properties of solids derive essentially from the magnetism of their 

electrons. (Nuclei also possess angular momentum, but their magnetic moments, but 

they are å 1000 times smaller).

An electron possesses:  

mass me=  9.109 10-31 kg

charge -e = -1.602  10-19 C
angular momentum (spin)       ½Z=  0.527 10-34 J s

Orbital moment Spin

On an atomic scale, magnetismis always associatedwith angular momentum.

Electronicchargeis negative,hencethe angularmomentumand magneticmoment

arein oppositedirections.

m

l
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3.1.1 Orbital moment

An electron in a circular orbit, radius r, 

is equivalent to a current loop

The circulating current I:  I = -ev/2p

The moment m: m = IA; 

(1)

In Bohrôs quantum theory, orbital angular 
momentum l is quantized in units of Z.

Planck s constant: h = 6.62 10-34 J s.
Z= h/2p= 1.055 10-34 J s.

The orbital angular momentum is and units are  J s.

It is actually the z-component of lz thatis quantized in units of Z, taking a value 

lz = ml Zwhereml is a quantum number, an integer0, ± 1,± 2 ... ,± l with no units.                          

Eliminating vr in the expression (1) for m gives

m = ml(eZ/2me) = mlµB

The quantity (eZ/2me) is the Bohr magneton (µB), the basic unit of atomic magnetism:

µB =  9.274 10-24 A m2

I
-e

v

r
m = (-ev/2pr) pr2 = -evr/2   (1) 

r

l = r x mev
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3.1.2 Spin moment

The electron has a mysterious built-in spin angular momentum. Spin is a

consequenceof relativisticquantummechanics.

Thespinquantumnumberis s= ½ .Therearetwo magneticstateswith ms= ± ½

Thespinangularmomentumis s. Thez-componentsz is quantizedin unitsof ½Z,
takingonly two values± ½Zalongthez-axis

Yet, themagneticmomentassociatedwith electronspinis also1 µB (not½µB)

m = - g ms(eZ/2me), whereg = 2.

mz = ± 1 µB

Thetwo states,®spinmomentdown and¬ spinmomentup with
ms = ± ½ have moments m_1µB measured along the axis 

of quantization (z) usually defined by an external magnetic field.

ms= +½ ® e=   µBB

ms= -½. ¬ e= - µBB

If theorbital quantumnumberof theelectronwasl = 1, ml = -1, 0, 1 Spin

B

3.1.2 Spin moment

Total umber of magnetic states in (2l + 1) x (2s + 1)

Zeeman 

splitting 
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79Au
197.0

1 + 5d10

61Pm
145

70Yb
173.0

3 + 4f13

71Lu
175.0

3 + 4f14

90Th
232.0

4 + 5f0

91Pa
231.0

5 + 5f0

92U
238.0

4 + 5f2

87Fr
223

88Ra
226.0

2 + 7s0

89Ac
227.0

3 + 5f0
62Sm

150.4

3 + 4f5

105

66Dy
162.5

3 + 4f9

179 85

67Ho
164.9

3 + 4f10

132 20

68Er
167.3

3 + 4f11

85 20

58Ce
140.1

4 + 4f0

13

Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
16.00

35

65Tb
158.9

3 + 4f8

229 221

64Gd
157.3

3 + 4f7

292

63Eu
152.0

2 + 4f7

90

60Nd
144.2

3 + 4f3

19

66Dy
162.5

3 + 4f9

179 85

Atomic symbol
Atomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

Metal

Radioactive

Magnetic Periodic Table

80Hg
200.6

2 + 5d10

93Np
238.0

5 + 5f2

94Pu
244

95Am
243

96Cm
247

97Bk
247

98Cf
251

99Es
252

100Fm
257

101Md
258

102No
259

103Lr
260

36Kr
83.80

54Xe
83.80

81Tl
204.4

3 + 5d10

82Pb
207.2

4 + 5d10

83Bi
209.0

84Po
209

85At
210

86Rn
222

Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom

25Mn
55.85

2 + 3d5

96

20Ca
40.08

2 + 4s0

13Al
26.98

3 + 2p6

69Tm
168.9

3 + 4f12

56
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The gyromagnetic ratio g, is defined as theratio of magnetic moment to angular 

momentum    m = gl, For orbital momentsm = -mlµB.    l = mlǩ.  

* Hence for orbital angular momentum, the ratio of the z-components is

g  = -(e/2me)

The g-factor is defined as the ratio of m (in units of µB) to l (in units of ǩ)

g = 1 (for orbital motion)

* For spin angularmomentumg= -(e/me) (m = -2mlµB. l = mlǩ)

g = 2 for spin (afterhigherordercorrections,2.0023)

Spin angular momentum is twice as effective as orbital angular momentum in 

creating a magnetic moment.

Generally an atomic electron possesses both spin and orbital angular.  They add 

produce a total angular momentum  j,  

j = l + s ;    m = -gj(e/2me) j    j         s

Spin-orbit Interaction
l
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Larmor precession
Classical derivation

m =  gl

G= m x B

G= dl/dt (Newtonôs law)

dm /dt = gm x B

= gex ey ez

mx my mz

0     0    Bz

Solution ism (t) = m (sinqcoswLt,  sinqsinwLt,  cosq)  where wL = gBz

Magnetic moment precessesat the Larmorprecession frequency  fL = gB/2p

28 GHz T-1 for spin

G= m x B

m

BZ

dm/dt

3.2 Magnets in a field

dmx/dt = gmyBz dmy/dt = -gmxBz dmz/dt = 0

q

z

y

x
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3.3 Magnetism of electrons in free atoms and solids.

Magnetismin freeatomsis reducedby shellfilling .

Electronsin filled shellshavepairedspinswith¬and®andnonetmoment.

Only unpaired electrons in unfilled (usually outermost) shells have a

moment.

Magnetismin solids tendsto be destroyedby chemicalinteractionsof the

outerelectrons:

ωelectrontransferto form filled shellsin ionic compoundse.g. Na+Cl- both

ionsare2p6

ωcovalentbondformationin semiconductors

ωbandformationin metals
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4 Be
9.01

2 + 2s0

12Mg
24.21

2 + 3s0

2 He
4.00

10Ne
20.18

24Cr
52.00

3 + 3d3

312

19K
38.21

1 + 4s0

11Na
22.99

1 + 3s0

3 Li
6.94

1 + 2s0

37Rb
85.47

1 + 5s0

55Cs
132.9

1 + 6s0

38Sr
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2 + 5s0

56Ba
137.3

2 + 6s0

59Pr
140.9

3 + 4f2

1 H
1.00

5 B
10.81

9 F
19.00

17Cl
35.45

35Br
79.90

21Sc
44.96

3 + 3d0

22Ti
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26Fe
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3 + 3d5
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27Co
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15P
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16S
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18Ar
39.95
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2 + 4d0

40Zr
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Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
16.00

35

65Tb
158.9

3 + 4f8

229 221
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3 + 4f7

292

63Eu
152.0

2 + 4f7
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3 + 4f3
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162.5
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Atomic symbol
Atomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

Metal

Radioactive

80Hg
200.6

2 + 5d10

93Np
238.0

5 + 5f2

94Pu
244

95Am
243

96Cm
247

97Bk
247

98Cf
251

99Es
252

100Fm
257

101Md
258

102No
259

103Lr
260

36Kr
83.80

54Xe
83.80

81Tl
204.4

3 + 5d10

82Pb
207.2

4 + 5d10

83Bi
209.0

84Po
209

85At
210

86Rn
222

Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom

25Mn
55.85

2 + 3d5

96

20Ca
40.08

2 + 4s0

13Al
26.98

3 + 2p6

69Tm
168.9

3 + 4f12

56

Magnetism of free atoms

79 out of the 103 first elementsare magneticas free atoms Moments << ZmB                  

s p

d d

f

1

2

3

4

5

6

n

Nonmagnetic atom
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Existence of magnetism in a solid depends critically on crystal structure and 

composition. 

Table: Atomic moments of iron in different compounds in Bohr magnetons/Fe.

g-Fe2O3 a-Fe YFe2 g-Fe YFe2Si2

ferrimagnet ferromagnet ferromagnet antiferromagnet Pauli paramagnet

5.0 2.2 1.45 unstable 0

Formationof d and s-bandsin

a metal. The broad s-bands

haveno moment. The d-bands

may have one if they are

sufficiently narrow. Iron hasa

configuration 3d7.44s0.6. There

are 2.2 unpaired3d electrons,

m = 2.2 µB.
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3.4 Localized and delocalized electrons

LOCALIZEDMAGNETISM DELOCALIZEDMAGNETISM
Integralnumberof 3d or 4f electrons Nonintegralnumberof unpairedspins
on the ion core; Integralnumberof unpairedspins; per atom.
Discreetenergylevels. Spin-polarizedenergybandswith strong

correlations.
Ni2+ 3d8 m = 2 µB Ni 3d9.44s0.6 m = 0.6 µB

yæexp(-r/a0) yæexp(-ik.r)
Boltzmannstatistics Fermi-Diracstatistics

4f metals localizedelectrons
4f compounds localizedelectrons
3d compounds localized/delocalizedelectrons
3d metals delocalizedelectrons.

Above the ferromagneticCurie temperature, the moments do not disappear,they just become
disorderedin a paramagneticstatewhenT> TC.

E
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3.5 Theory of electronic magnetism

Maxwell s equationsrelate magneticand electric fields to their sources. The other fundamental

relationof electrodynamicsis theexpressionfor theforceona movingparticlewith chargeq,

F = q(E + v x B). The two termsarerespectivelytheCoulombandLorentzforces. The lattergives
the torqueequationG= m x B. ThecorrespondingHamiltonianfor theparticlein a vectorpotential

A representingthe magneticfield B (B = Ðx A) anda scalarpotentialferepresentingthe electric

field E (E = -Ðfe) is
H = (1/2me)(p - qA)2 + qfe

3.5.1 Orbitalmoment
TheHamiltonianof anelectronwith electrostaticpotentialenergyV(r ) = -efe is

H = (1/2me)(p + eA)2 +V(r )

Now (p + eA)2 = p2 + e2A2 + 2eA.p sinceA andp commutewhenÐ. A = 0. So
H = [p2/2me +V(r )] + (e/me)A . p + (e2/2me)A

2

H = H 0 + H 1 + H 2

whereH 0 is theunperturbedHamiltonian,H 1 givestheparamagneticresponseof theorbital moment

andH 2 describesthesmalldiamagneticresponse. Considera uniform field B alongz. Thenthevector

potentialin componentform is A = (1/2) (-yB, xB, 0),

soB =ÐxA = ez(ÖAy/Öx-ÖAx/Öy)= ezB. More generally

A = ½B  x  r
Now (e/me)A. p= (e/2me)B x r .p = (e/2me)B.r x p = (e/2me)B.l since l = r x p. The second term in 

the Hamiltonian is then the Zeeman interaction for the orbital moment

H 1 = (µB/Z)B. l
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The third term is (e2/8me)(B x r)2 = (e2/8me
2)B2(x2+y2). If the orbital is sphericallysymmetric,<x2> =

<y2> = <r2>/3.The correspondingenergyE = (e2B2/12me) <r2>. SinceM = -µE/µB andsusceptibilityc=

µ0NM/B, It follows thattheorbital diamagneticsusceptibilityisc= µ0Ne2 <r2>/6me.

3.5.2 Spinmoment
Thetime-dependentSchrödingerequation

-(Z2/2m)Ð2y+ Vy= iZÖy/Öt

is not relativistically invariantbecausethe operatorsÖ/ÖtandÖ/Öxdo not appearto the samepower. We

needto usea 4-vectorX = (ct, x, y, z) with derivativesÖ/ÖX.

Dirac discoveredtherelativisticquantummechanicaltheoryof theelectron,which involvesthePaulispin

operatorssi, with coupledequationsfor electronsandpositrons. The nonrelativisticlimit of the theory,

includingtheinteractionwith a magneticfield B representedby avectorpotentialA canbewrittenas

H = [(1/2me)(p + eA)2 +V(r )] - p4/8me
3c2 + (e/me)B.s + (1/2me

2c2r)(dV/dr) - (1/4me
2c2)(dV/dr)Ö/Ör

ÅThesecondtermis ahigher-ordercorrectionto thekineticenergy

ÅThe third term is the interactionof the electronspin with the magneticfield, so that the complete

expressionfor theZeemaninteractionof theelectronis

H Z = (µB/Z)B.(l + 2s)
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The factor 2 is not quite exact. The expression is 2(1 + a/2ˊ -.....)  å 2.0023, where a= e2/4é0hcå 1/137 

is the fine-structure constant.

ÅThe fourth term is the spin-orbit ineteraction., which for a central potential V(r) = -Ze2/4é0r with Ze as 

the nuclear charge becomes -Ze2µ0l.s/8ˊme
2r3 since µ0e0 = 1/c2. In an atom <1/r3> å (0.1 nm)3 so the 

magnitude of the spin-orbit coupling lis 2.5 K for hydrogen (Z = 1), 60 K for 3d elements (Z å 25), and 

160 K for actinides (Z å 65).

In a noncentralpotential, the spin-orbit interaction is (s x ÐV). p

ÅThe final term just shifts the levels when l = 0

3.5.3 Magnetismandrelativity

Theclassificationof interactionsaccordingto their relativisticcharacteris basedon thekineticenergy

E = mec2Õ[1 + (v2/c2)]

Theorderof magnitudeof thevelocityof electronsin solidsisâc. Expandingtheequationin powersof c

E = mec
2 + (1/2)â2mec

2 - (1/8)â4mec
2

Herethe restmassof the electron,mc2 = 511keV; the secondandthird terms,which representtheorder

of magnitudeof electrostaticand magnetostaticenergiesare respectively13.6 eV and 0.18 meV.

Magneticdipolarinteractionsarethereforeof order2 K. (1 eV = 11605K)
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Thequantummechanicsof anelectronin a centralpotentialleadsto single-

electronstatesclassifiedin termsof thequantumnumbersn, l ,ml, s andms,

which havedifferent orbital andspin angularmomenta. In a multi-electron

atom, the spin and orbital angularmomentaof the individual atomsare

coupledto giveaseriesof energylevels; whicharesplit by a magneticor an

electricfield. Thelowestenergylevel is theoneof interestfor magnetism.

4. Magnetism of localized electrons 

on the atom
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4.1 Thesingle-electronhydrogenicatom; angularmomentum.

The Hamiltonian H 0 for an electron in a central potential due 

to a nucleus of charge Zeat the origin and an electron at (r,q,f)

H = - (Z2/2me)Ð
2- Ze2/4pŮ0r

[KE is p2/2me; themomentumoperatorin quantummechanicsp = -iZÐ]

In polarcoordinates: x = r sinq cosf, y = r sinq sinf,  z = r cosq 
l = -iZ

Ð2 =Ö2/Ör2 +(2/r)Ö/Ör + 1/r2{Ö2/Öq2+ cotqµ/Öq+ (1/sin2q)Ö2/Ö2f}

l = r × p = -iZ[(yÖ/Öz-zÖ/Öy)exï(xÖ/Öz-zÖ/Öx)ey + (xÖ/Öy-yÖ/Öx)ez

= iZ[sinfÖ/Öq+ cotqcosfÖ/Öf)ex + (-cosfÖ/Öq+ cotqsinfÖ/Öf)ey -(Ö/Öf)ez]

l2. = lx
2 + ly

2 + lz
2 = Z2{Ö2/Öq2 + cotqµ/Öq+ (1/sin2q)Ö2/Ö2f} ïthe term in parentheses in Ð2
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Schrödingers equation for an electron in a central potential due to a

nucleus of charge Zeat the origin and an electron at (r,q,f)

H yi = Eiyi

[-(Z2/2me)Ð
2- Ze2/4pe0r]yi = Eiyi

Solutionsfor Ei aretheeigenvalues(energylevels)of theatom.

Thecorrespondingwavefunctionsyi aretheeigenfunctions(orbitals)of theatom

The meaningof the wavefunctionyis that the probability of finding the electronin a small

volumedV at r isy*( r)y(r) dV. The wavefunction is usuallya complexquantity; y* is the

complexconjugateofy. ycontainsall observableknowledgeabouttheelectron.

Thebasicpropertyof angularmomentumis that [lx, ly] = iZlz etc. where[lx, ly] = lxlyïlylx
[X,Y] is thecommutator. If it is zero,theoperatorscommuteandthequantitiesthey represent

canbemeasuredsimultaneously.

No two componentsof angularmomentumcommute,but for anyoneof them[l2, l i] = 0
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Õ[l(l+1)] Z

mlZ

z

l 2 the square of the orbital angular momentum operator of the electron in a central potential;  
It has the eigenvalue  l(l +1)Z2. l 2 | l, ml ð= l(l+1)]Z2 | l, ml ð

The orbital angular momentum has magnitude Õ[l(l+1)]Z

lz the projection along z is the operator -iZ(Ö/Öf) which has eigenvalues mlZ, which can have 

any value from -lZto +lZ.  (2l + 1 different possible values).       lz | l, ml ð= ml Z| l, ml ð

We can model the total angular momentum as a vector which precesses around z.                         

lx and ly are indeterminate.

Vector model

z

x

y
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Eigenfunctionsof theSchrödingerequationfor anelectronin acentralpotential

yn,l,ml(r,q,f) = Rn,l(r)Y l
ml(q,f)

radial part     angular part

É Theangularpart Y l
ml(q,f) aresphericalharmonicsthatdependon

two integersl, ml, where |ml| Òl. Thepair l, ml denoteanorbital

Notation: l = 0; sïorbital l = 1; pïorbital l = 2; dïorbital l = 3; f - orbital

Thesphericalharmonicsareeachaproductof termsQ(q) andF(f); Y l
ml(q,f) =Q(q)F(f)

F(f) =exp(imlf) whereml = 0, ± 1, ± 2 .......

Thez-componentof orbitalangularmomentum,representedby theoperatorlz = -iZ(Ö/Öf),
haseigenvalues<F| lz |F> =Úexp(-imlf) -iZ(Ö/Öf) exp(imlf) = mlZ.

Q(q) = Pl
ml(cosq), aretheassociatedLegendrepolynomialswith lÓ|ml|,

soml = 0, ± 1, ± 2,....± l.
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Spherical harmonics

s Y0
0 =Õ(1/4ˊ)

p Y1
0 =Õ(3/4p) cosq Y1

± 1 =°Õ(3/8p) sinq e± if

d Y2
0 = Õ(5/16p)(3cos2q - 1)   Y2

± 1 = °Õ(15/8p) sinq cosq e± if    Y2
± 2 = Õ(15/32p) sin2q e± 2if

f Y3
0 = Õ(7/16p)(5cos3q - 3cosq) Y3

± 1 = °Õ(21/64p)(5cos2q- 1) sinq e± if           

Y3
± 2 = Õ(105/32p) sin2qcosq e± 2if Y3

± 3 = °Õ(35/64p) sin3q e± 3if

É The radial part R(r) depends onl , also on n the principal quantum number where l < n;

hence l = 0, 1, ..., (n-1).

R(r) = Vn
l(Zr/na0)exp[-(Zr/na0)]

V1
0 = 1. Here a0 = 4pe0Z2/mee

2 = 52.9 pm is the first Bohr radius, the basic length scale in atomic 

physics. The energy levels of the one-electron atom are  

E = -Zme4/8h2e0
2n2 = -ZR/n2

The quantity R = mee
4/8h2e0 = 13.6 eV is the Rydberg, the basic energy unit in atomic physics. 

For the central Coulomb potential fe, the potential energy V(r) depends onlyon r, not on qor f. 

E depends onlyon n.
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The three quantum numbers n, l, ml denote an orbital, a spatial distribution of electronic 

charge. Orbitals are denoted nX, X = s, p, d, f  for l = 0, 1, 2, 3. Each orbital can accommodate 

up to two electrons with spin ms = ± ½. The hydrogenicorbitals are listed in the table

n l ml ms No of orbitals

1s 1 0 0 ± ½ 2

2s 2 0 0 ± ½ 2

2p 2 1 0,± 1 ± ½ 6

3s 3 0 0 ± ½ 2

3p 3 1 0,± 1 ± ½ 6

3d 3 2 0,± 1,± 2 ± ½ 10

4s 4 0 0 ± ½ 2

4p 4 1 0,± 1 ± ½ 6

4d 4 2 0,± 1,± 2 ± ½ 10

4f 4 3 0,± 1,± 2,± 3 ± ½ 14

ωThePauliprinciplestatesthatno two electronscanhavethesamefour quantumnumbers.

Eachorbitalcanbeoccupiedby atmosttwo electronswith oppositespin.

PYU44P13  2023



4 Be
9.01

2 + 2s0

12Mg
24.21

2 + 3s0

2 He
4.00

10Ne
20.18

24Cr
52.00

3 + 3d3

312

19K
38.21

1 + 4s0

11Na
22.99

1 + 3s0

3 Li
6.94

1 + 2s0

37Rb
85.47

1 + 5s0

55Cs
132.9

1 + 6s0

38Sr
87.62

2 + 5s0

56Ba
137.3

2 + 6s0

59Pr
140.9

3 + 4f2

1 H
1.00

5 B
10.81

9 F
19.00

17Cl
35.45

35Br
79.90

21Sc
44.96

3 + 3d0

22Ti
47.88

4 + 3d0

23V
50.94

3 + 3d2

26Fe
55.85

3 + 3d5

1043

27Co
58.93

2 + 3d7

1390

28Ni
58.69

2 + 3d8

629

29Cu
63.55

2 + 3d9

30Zn
65.39

2 + 3d10

31Ga
69.72

3 + 3d10

14Si
28.09

32Ge
72.61

33As
74.92

34Se
78.96

6 C
12.01

7 N
14.01

15P
30.97

16S
32.07

18Ar
39.95

39Y
88.91

2 + 4d0

40Zr
91.22

4 + 4d0

41Nb
92.91

5 + 4d0

42Mo
95.94

5 + 4d1

43Tc
97.9

44Ru
101.1

3 + 4d5

45Rh
102.4

3 + 4d6

46Pd
106.4

2 + 4d8

47Ag
107.9

1 + 4d10

48Cd
112.4

2 + 4d10

49In
114.8

3 + 4d10

50Sn
118.7

4 + 4d10

51Sb
121.8

52Te
127.6

53I
126.9

57La
138.9

3 + 4f0

72Hf
178.5

4 + 5d0

73Ta
180.9

5 + 5d0

74W
183.8

6 + 5d0

75Re
186.2

4 + 5d3

76Os
190.2

3 + 5d5

77Ir
192.2

4 + 5d5

78Pt
195.1

2 + 5d8

79Au
197.0

1 + 5d10

61Pm
145

70Yb
173.0

3 + 4f13

71Lu
175.0

3 + 4f14

90Th
232.0

4 + 5f0

91Pa
231.0

5 + 5f0

92U
238.0

4 + 5f2

87Fr
223

88Ra
226.0

2 + 7s0

89Ac
227.0

3 + 5f0
62Sm

150.4

3 + 4f5

105

66Dy
162.5

3 + 4f9

179 85

67Ho
164.9

3 + 4f10

132 20

68Er
167.3

3 + 4f11

85 20

58Ce
140.1

4 + 4f0

13

Ferromagnet TC > 290K

Antiferromagnet with TN > 290K

8 O
16.00

35

65Tb
158.9

3 + 4f8

229 221

64Gd
157.3

3 + 4f7

292

63Eu
152.0

2 + 4f7

90

60Nd
144.2

3 + 4f3

19

66Dy
162.5

3 + 4f9

179 85

Atomic symbol
Atomic Number

Typical ionic change
Atomic weight

Antiferromagnetic  TN(K) Ferromagnetic  TC(K)

Antiferromagnet/Ferromagnet with TN/TC < 290 K

Metal

Radioactive

Magnetic Periodic Table

80Hg
200.6

2 + 5d10

93Np
238.0

5 + 5f2

94Pu
244

95Am
243

96Cm
247

97Bk
247

98Cf
251

99Es
252

100Fm
257

101Md
258

102No
259

103Lr
260

36Kr
83.80

54Xe
83.80

81Tl
204.4

3 + 5d10

82Pb
207.2

4 + 5d10

83Bi
209.0

84Po
209

85At
210

86Rn
222

Nonmetal Diamagnet

Paramagnet

BOLD Magnetic atom

25Mn
55.85

2 + 3d5

96

20Ca
40.08

2 + 4s0

13Al
26.98

3 + 2p6

69Tm
168.9

3 + 4f12

56
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p

d orbitals

ml =0     ml =± 1

s orbital p orbitals d orbitals

Y l, ml(q,f)

ml = 0     ml = ± 1        ml =± 2ml = 0     ml = ± 1ml = 0
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Anotherway to representtheoperatorsin quantummechanicsis asmatrices.
Schrodingerð wavemechanics,differentialoperators

Heissenbergð matrixmechanics,n x n matrixoperators,basisof n eigenstates,

If amatrix is diagonal, theeigenvaluesarethethediagonalelements.

Theprocedurefor solvinga problemin quantummechanicsis thereforeto write down

theHamiltonianasamatrix operator,anddiagonalizeit. Ei aretheeigenvalues.

For thecomponentsof thespinangularmomentum,thePauli spinmatricesare

sx = è0 1øZ/2 sy = è0 -iøZ/2 sz = è1 0øZ/2
ê1 0ú êi 0ú ê0 -1ú

s2 = sx
2 + sy

2 + ss
2 =è1 0ø3Z2/4

ê0 1ú

Õs(s+1)] Z

msZ

z
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- Z

+Z

ã2Z

For orbital angularmomentum,thebasissetarethe2l + 1 orbital wavefunctions

For example,if l = 1, therearethreeorbital wavefunctions,with ml = -1, 0, 1

lx = 0 1 0 Z/ã2 ly = 0 -i. 0 Z/ã2 lz = 1 0 0 Z
1 0 1 i 0 -i 0 0 0

0. 1 0 0 i 0 0 0 -1

l2 = lx
2 + ly

2 + lz
2 = 1 0 0 2Z2

0 1 0

0 0 1
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The hydrogenicatom was composed of a nucleus of charge Zeat the origin and a single electron at 

r,q,f.  When there are several electrons, they interact via inter-electronic Coulomb interactions. Terms 

like e2/4pe0|r i - r j|  have to be added to the Hamiltonian. A many-body problem! 

H = Si(pi
2/2m) + SI(Ze2/4pe0r i) + (1/2)SiÍj(e2/4pe0|r i - r j|)

An approximate way to treat the interactions is to suppose that each 

electron sees a different spherical charge distribution represented by 

a different central potential Vi(r) for each electron  

H i = pi
2/2m + Vi(r)

The potential with many electrons is not a simple Coulomb potential well; the degeneracy of electrons 

with different l is raised. The 4s shell, for example, is then lower in energy than the 3d shell, which 

defines the shape of the periodic table.

The quantities VI(r) must be determined self-consistently  (the Hartree-Foch approximation)

The eigenstates of the many-electron atom or ion have the following properties:

[H ,S2] = 0, [H ,Sz] = 0    where S = SIsi a sum of the spin moments 

[H ,L2] = 0, [H ,L z] = 0    where L = SI l i a sum of the orbital moments

The sums have the greatest values consistent with the Pauli principle

(no two electrons can have the same four quantum numbers n, l, ml, ms)

The quantum numbers S = Sims i L = Siml i (again consistent with Pauli principle)

4.2 The many-electron atom
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4 Be
9.01

2 + 2s0

12Mg
24.21

2 + 3s0

2 He
4.00

10Ne
20.18

24Cr
52.00

3 + 3d3

312

19K
38.21

1 + 4s0

11Na
22.99

1 + 3s0

3 Li
6.94

1 + 2s0

37Rb
85.47

1 + 5s0

55Cs
132.9

1 + 6s0

38Sr
87.62

2 + 5s0

56Ba
137.3

2 + 6s0

59Pr
140.9

3 + 4f2

1 H
1.00

5 B
10.81

9 F
19.00

17Cl
35.45

35Br
79.90

21Sc
44.96

3 + 3d0

22Ti
47.88

4 + 3d0

23V
50.94

3 + 3d2

26Fe
55.85

3 + 3d5

1043

27Co
58.93

2 + 3d7

1390

28Ni
58.69

2 + 3d8

629

29Cu
63.55

2 + 3d9

30Zn
65.39

2 + 3d10

31Ga
69.72

3 + 3d10

14Si
28.09

32Ge
72.61

33As
74.92

34Se
78.96

6 C
12.01

7 N
14.01

15P
30.97

16S
32.07

18Ar
39.95

39Y
88.91

2 + 4d0

40Zr
91.22

4 + 4d0

41Nb
92.91

5 + 4d0

42Mo
95.94

5 + 4d1

43Tc
97.9

44Ru
101.1

3 + 4d5

45Rh
102.4

3 + 4d6

46Pd
106.4

2 + 4d8

47Ag
107.9

1 + 4d10

48Cd
112.4

2 + 4d10

49In
114.8

3 + 4d10

50Sn
118.7

4 + 4d10

51Sb
121.8

52Te
127.6

53I
126.9

57La
138.9

3 + 4f0

72Hf
178.5

4 + 5d0

73Ta
180.9

5 + 5d0

74W
183.8

6 + 5d0

75Re
186.2

4 + 5d3

76Os
190.2

3 + 5d5

77Ir
192.2

4 + 5d5

78Pt
195.1

2 + 5d8

79Au
197.0

1 + 5d10

61Pm
145

70Yb
173.0

3 + 4f13

71Lu
175.0

3 + 4f14

90Th
232.0

4 + 5f0

91Pa
231.0

5 + 5f0

92U
238.0

4 + 5f2

87Fr
223

88Ra
226.0

2 + 7s0

89Ac
227.0

3 + 5f0
62Sm

150.4

3 + 4f5

105

66Dy
162.5

3 + 4f9

179 85
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Metal

Radioactive
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200.6

2 + 5d10

93Np
238.0

5 + 5f2

94Pu
244

95Am
243

96Cm
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97Bk
247

98Cf
251

99Es
252

100Fm
257

101Md
258

102No
259

103Lr
260

36Kr
83.80
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83.80
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3 + 4f12
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Eacheigenstateof H for the many-electronatomcanbe labelledby the quantumnumbers

correspondingto theeigenstatesof L2, L z, S2, Sz i.e. L, M l, S,Ms

Eigenfunctions yaLSMLMs

Eigenvalues EaLSMLMs

H |yaLSMLMsð=  EaLSMLMs |yaLSMLMsð

L2 |yaLSMLMsð= L(L+1)Z2 |yaLSMLMsð L z |yaLSMLMsð= MLZ|yaLSMLMsð

S2 |yaLSMLMsð= S(S+1)Z2 |yaLSMLMsð Sz |yaLSMLMsð= MSZ|yaLSMLMsð

The eigenstatesfor different ML or MS valuesaredegeneratein the absenceof a magnetic

field, but thestatesfor differentL, S areseparated. (In a field thereis Zeemansplitting)

Henceeach(L,S) stateis (2L+1)(2S+1) timesdegenerate.

An (L,S) stateis knownasanatomicterm spindegeneracy

letterto denoteorbitalmoment

Notation 2S+1L S,P,D éé.

Example: 3DótripletDômeansS= 1, L = 2, totaldegeneracy3³5 = 15

The energy splitting of the terms is of order 1 eV. In spectroscopy the energy unit cm-1 is often 

used; Useful energy conversions are 1 eV  ¹11605 K and   1 cm-1¹1.44 K       (E = p2/2me p = h/l)



112

4.3 Addition of angular momenta

Consider two angular momenta j1 and j2 with eigenstates| j1, m1ðand | j2, m2ð

i.e. j1
2 | j1, m1ð= j1(j1+1) Z2| j1, m1ð j1z| j1, m1ð= m1Z| j1, m1ð [2j1 + 1 of them]

j2
2 | j2, m2ð= j2(j2+1) Z2| j2, m2ð j2z| j2, m2ð= m2Z| j2, m2ð.   [2j2 + 1 of them]

The eigenstatesof  j = (j1 + j2) are |j1, m1ð| j2, m2ðdenoted as | j1, j2, m1 , m2ð

Now  - j1Óm1Ój1 and- j2Óm2Ój2 so the space spanned by the states | j1, j2, m1 , m2ðhas 
dimension (2j1 + 1) (2j2 + 1) and 

the eigenstatesof j2 and jz are | j1, j2, j , mðwith | j1 - j2 | ÓjÓ| j1 + j2 |

(Triangle rule) 

When several electrons are present on the same atom, at most two of them, with opposite 
spin, can occupy the same orbital (Pauli principle). 

Their spin and orbital angular momenta each add to give resultants consistent with the Pauli 
principle 

S= Ssi, L = Sl i .        Apply triangle rule, subject to constraint of Pauli principle

Sz = Sszi,        L z = Slzi .     The z-components just add up. 

j
j2

j1
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1s  

 

2s           2p                  ML    MS 

 
   

 

  ¬ ¬   1 1 

 
 

 ¬ ®   1 0 

  ® ¬   1 0 

  ® ®   1 -1 

  ¬  ¬  0 1 

  ¬  ®  0 0 

   ¬®   0 0 

  ®  ¬  0 0 

  ®  ®  0 - 1 

   ® ®  - 1 - 1 

   ¬ ®  - 1 0 

   ® ¬  - 1 0 

   ¬ ¬  - 1 1 

    ¬®  - 2 0 

 

¬®      +       ¬®           +                     ¬®                                                  2        0 
¬® 2 0

,,X Y Z

,,X Y Z

Example: Consider a 6-electron atom (carbon).   Configuration 1s22s22p2

The two s-shells are filled, and they have no net angular momentum.  The p-electrons have        
l = 1,  L= l1+ l2        Hence |l1 - l2| ÓL Ó| l1 + l2| ;    0 ÓL Ó2,   L = 0, 1, 2

Also s = ½,  S = s1+ s2        Hence |s1 - s2| ÓS Ó| s1+ s2| ;    0 ÓS Ó1,   S = 0, 1

Not all combinations are possible ! There are 15 allowed states, belonging to three terms.

(2.0)(1,0)(0,0)(-1,0)(-2,0)
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