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SHULRG��UDQJLQJ�IURP�RQH�GD\�WR����GD\V�LQ�OHQJWK��7KH�
ORQJHVW� EXEEOH� SHULRG�� VSDQQLQJ� EHWZHHQ� )HEUXDU\� ���
����� DQG�$SULO� ���� ������ LV� GLVFXVVHG�ZLWK� UHVSHFW� WR�
SULFH� HYROXWLRQ� LQ� WKH�%LWFRLQ�PDUNHW�� DV�ZHOO� DV�ZLWK�
UHJDUGV� WR�(WKHUHXP� VRIWZDUH� EHLQJ� DGRSWHG� IRU� FRP�
PHUFLDO�XVH�
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I. Introduction

Since its introduction in early 2015, Ethereum has become the sec-
ond largest cryptocurrency by total dollar market value (Beneki et al., 

2019). By early 2017, market capitalization of the cryptocurrency sur-
passed $69 billion (Liu & Serletis, 2019). Ethereum was developed as a 
decentralized network of applications, eliminating third party institutions 
that tend to control crucial data by granting users their control over in-
formation (Ethereum Foundation, 2016). Ethereum’s price has displayed 
high volatility (Catania et al., 2018). As shown in Figure 1, the several 
thousand percent surge in Ethereum prices since the beginning of 2017 
has been accompanied by an increasing return in dispersion. As Phillips 
HW�DO�� �������SRLQW�RXW�� WKH�KLVWRU\�RI�¿QDQFLDO�PDUNHWV� WHQGV� WR� UHSHDW�
LWVHOI��7KHUHIRUH��DFFXUDWH�H[�SRVW� LGHQWL¿FDWLRQ�RI�VSHFXODWLYH�EXEEOHV�
might provide cryptocurrency investors with warning mechanisms to 
prevent losses on their current positions (Houbner, 2018). 
 

II. Literature Review

������������7KH�¿UVW�DWWHPSW�WR�GHVFULEH�D�EXEEOH�LQ�WKH�¿QDQFLDO�PDUNHWV�
can be attributed to Keynes (1973) who noted that “stock prices may not 
always be governed by an objective view of ‘fundamentals’ but by what 
average opinion expects the average opinion to be” (quoted in Cuthb-
HUWVRQ�	�1LW]VFKH���������+RZHYHU��VXFK�D�GH¿QLWLRQ�PDNHV�LW�H[WUHPH-
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O\�GLI¿FXOW� WR�TXDQWLI\�H[XEHUDQFH�SKHQRPHQD�LQ� WKH�¿QDQFLDO�PDUNHWV�
(Blanchard, 1982; Phillips, 2015). 
          A viable alternative has been proposed by Adam and Szafarz 
�������ZKR�GH¿QH�EXEEOH�DV�D�VFHQDULR�LQ�ZKLFK�SULFHV�DUH�GULYHQ�XS�E\�
the expectation of further growth. Consequently, market actors can be 
conceptualized as rational speculators1  who bet on further price rises. 
7KH�GH¿QLWLRQ�FDQ�EH�HDVLO\�DFFRPPRGDWHG�LQ�WKH�WUDGLWLRQDO�$VVHW�3ULF-
ing Approach to speculative bubbles, whereby exuberance constitutes the 
part of the market price which exceeds an asset’s fundamental value. 
Detecting the existence of bubbles therefore entails determining the fun-
damental value of the underlying asset. This is usually performed by cal-
culating the expected present value of the payoffs (including dividends) 
considering all relevant information and then subtracting this comput-
ed present value from the market price of the asset (Cuthbertson et al., 
2004). A major problem with this approach for cryptocurrencies, howev-
HU��LV�WKDW�WKH\�DUH�KDUG�WR�YDOXH�DV�WKH\�GR�QRW�KDYH�FOHDUO\�LGHQWL¿DEOH�
FDVK�ÀRZV��H�J��GLYLGHQGV���7DLSDOX��������3HVDUDQ�	�-RKQVVRQ����������
 To circumvent the issue of fundamental value determination, 
Diba et al. (1988) devised a right-tailed unit root test, known as the con-
ventional cointegration-based bubble test in the literature. However, sim-
ulations performed by Evans (1991) indicate that this technique produces 
a false positive result 25% of the time.  
              Phillips et al. (2011) build upon the idea developed by Diba et 
al. (1988), but instead of running a single test over the whole sample, 
they implement right-tailed Augmented Dickey-Fuller tests using subsets 
of the data incremented by one observation at each run. They name this 
method the Supremum Augmented Dickey Fuller test and show that it 
does not only result in much greater power - even in the presence of pe-
riodically collapsing bubbles - but also allows us to pinpoint the start and 
end date of the bubble with its backward date-stamping procedure. At its 
FRUH��WKH�WHFKQLTXH�DVVXPHV�WKDW�WKH�VHULHV�VDWLV¿HV�WKH�VXE�PDUWLQJDOH2  
property.
�������������7KH�VXE�PDUWLQJDOH�GH¿QLWLRQ�RI�EXEEOH�WLPH�VHULHV��DV�RXWOLQHG�
1 Hence the terms “speculative” or “rational” bubble later in the text. 
2  Asset prices adhere to martingale behaviour when successive price changes are unpredictable, 
although the variance of the price changes can be predicted from past variances under the mar-
tingale property (de!nition derived from Cuthbertson & Nitzsche, 2004). "is is contrasted with a 
sub-martingale behaviour of a series whereby there is a widely anticipated direction of price-change 
in the asset market - the price changes have a strict lower bound during a run-up stage of a bubble. 
Refer to section “III. Methodology” for further details 
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in Phillips et al. (2011), has been more strongly supported in the research 
RQ� ¿QDQFLDO� PDUNHW� VSHFXODWLRQ� �%LDJLQL� HW� DO��� ������ 3URWWHU�� �������
Sub-martingale bubbles have also been advocated in the cryptocurrency 
literature - Cheung et al. (2015), for example, applied the Backward Su-
premum Augmented Dickey Fuller procedure to Mt. Gox Bitcoin prices. 
Their analysis discovered 33 time periods of exuberance in the Mt. Gox 
exchange between July 2010 and February 2014.  To our knowledge, no 
paper has aimed at identifying speculative bubbles in Ethereum ex-post. 

III. Methodology
           This section introduces the Backward Supremum Augmented 
Dickey Fuller method3���DV�GH¿QHG�E\�3KLOOLSV�HW�DO�������D��DQG�RXWOLQHV�
how the procedure will be utilized for the purposes of our analysis. 
                 At its core, the BSADF methodology is based on the assumption 
that during its bubble run-up period, asset prices exhibit sub-martingale 
behaviour. It is assumed that there is a widely anticipated direction of 
price-change in the asset market as opposed to a martingale behaviour of 
asset prices whereby the best forecast of all future values of the bubble 
depends only on its current value (Cuthbertson et al., 2004). 
��������������������7KH�DIRUHPHQWLRQHG�GH¿QLWLRQ�RI�D�SULFH�HYROXWLRQ�LQ�D�PDUNHW�
with bubbles be illustrated via a standard Asset Pricing Model, as speci-
¿HG�LQ�(TXDWLRQV�����DQG�����

                                                                                              (1)  

   
                                                                                              (2)

                It is evident from (1) that if the bubble term Bt is equal to zero, 
then today’s price of the asset is equal to the asset’s discounted expected 
YDOXH��ZKLFK�FDQ�EH�IXUWKHU�GH¿QHG�DV�D�IXQFWLRQ�RI�WKH�H[SHFWHG�GLYL-
dend stream DW�L� unobserved fundamentals UW�L�, and the risk-free inter-
est rate r!. In line with the martingale assumption, both DW�L� and UW�L� are 
assumed to be stationary or at most integrated to order one and, hence, 
the prices Pt follow a unit root process in the absence of a bubble. How-
ever, if the bubble term Bt, deviates from zero, the process is not a unit 
root anymore, but instead exhibits explosiveness over time. Such a solu-
3Later referred to as the BSADF method in the text.
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tion can be easily derived from (2), whereby the evolution of the bubble 
term is explosive (under the assumption that the risk-free rate has a zero 
lower-bound, i.e. r!"> 0). Clearly, the Asset Pricing Model outlined in (1) 
does not allow for the presence of run-down periods after the bubble has 
reached its peak price, and hence lacks the required complexity to allow 
for multiple and periodically collapsing bubble periods. 
�������������2XU�PHWKRG�HQULFKHV�WKH�VSHFL¿FDWLRQ�E\�DOORZLQJ�IRU�WKH�SRVVL-
bility of a time-varying risk-free interest rate (i.e. r!""=!"(t)) into an Asset 
Pricing model (in line with Phillips & Yu, 2011). With such a non-con-
stant discount factor, bubble periods can be mildly explosive, meaning 
that they can temporarily divert from the fundamentals but subsequently 
return to the discounted expected value4 .

Repetitiveness aside, we anticipate the asset prices to follow a 
unit root process under the null hypothesis of no speculative bubbles 
in the market. In the BSADF testing literature, this unit root process is 
usually limited to a random walk (Phillips et al., 2011) or a random walk 
with an asymptotically negligible drift (Phillips et al., 2015). These two 
possible null hypotheses are outlined in Equations (3) and (4). It is clear 
from Equation (4) that the drift term d converges to zero as the sample 
VL]H�7�DSSURDFKHV�LQ¿QLW\�XQGHU�RXU�DVVXPSWLRQ�RI�n>0.5. Furthermore, 
these two null hypotheses are tested against the competing alternative of 
ș�!����+HQFH��XQOLNH�WKH�VWDQGDUG�$')�XQLW�URRW�PHWKRG�ZLWK�OHIW�WDLOHG�
alternative hypothesis of stationarity, we are testing for the right-hand 
alternative hypothesis of explosive series. 

                                                                        (3)
                                                                                                            (4)

In addition, the BSADF testing procedure involves a sliding 
window regression applied recursively throughout the series. This allows 
for detecting multiple structural breaks, i.e. time series periods indicative 
of a bubble starts or ends (Enders, 2014). To put it more simply, BSADF 
VSHFL¿FDWLRQ�LV�RXWOLQHG�YLD�WKH�GLIIHUHQFHG�HTXDWLRQ�����
   
                                                                                                           (5)
                                                                                                           (6)

4 Phillips and Yu (2011) introduce the time-varying discount factor into the continuous time Gor-
don Growth Model [GGM].
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In (5), the r���and r� correspond to the start and the end points of 
the sliding window regression, respectively. It must be pointed out that r� 
and r� are fractions of the overall dataset T and, therefore, the regression 
is performed on the data ranging from the r�th fraction of the sample till 
the r�th fraction of the sample. Furthermore, the fractional window size rȦ 
RI�WKH�UHJUHVVLRQV�LV�VSHFL¿HG�LQ�(TXDWLRQ������,W�LV�HYLGHQW�IURP�����WKDW�
the higher the rȦ�the lower the overall number of recursions performed. 
&RQVHTXHQWO\��WKH�FRHI¿FLHQW�Ȧ�DOVR�GHWHUPLQHV�WKH�VDPSOH�VL]H�RI�HDFK�
regression, denoted by TȦ. The ADF statistic based on this sliding win-
GRZ�UHJUHVVLRQ�FDQ�EH�VSHFL¿HG�DV�

                     (7)

              The Supremum in the BSADF stands for the               statistic with 
D�ÀH[LEOH�ZLQGRZ�VL]H��0RUH�VSHFL¿FDOO\�� LQ� WKH� WUDGLWLRQDO�6$')�WHVW�
(depicted in Equation (7)), we allow for the fraction parameter r� to vary, 
while the parameter r��LV�VWLOO�DVVXPHG�WR�EH�¿[HG�DW�U�=0. As a result, the 
sample sequence rȦ varies in size, with the ADF statistic for the longest 
possible sample size being denoted by 

             In line with Phillips et al. (2015) who performed a simulation 
study on the optimal minimum window size selection, we select r0 based 
RQ�WKH�ORZHU�ERXQG�RI����RI�WKH�IXOO�VDPSOH��7KH�SUHFLVH�VSHFL¿FDWLRQ�RI�
r0 for the purpose of our analysis is depicted in Equation (8). 

       
                                                                                                        (8)
  
             Performing BSADF comprises of computing SADF on a back-
ward expanding sample sequence. In such a case, the fraction parameter 
r��LV�¿[HG�WR����ZKLOH�U��is allowed to vary. As outlined in Equation (9), we 
let the r� parameter to take on any value between zero and r�-r0.

                   (9)

             Having acquired the %6$')�(r�) statistic, we compute critical 
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values using Monte Carlo simulations5 . During this stage, we follow 
Phillips et al. (2015) by setting the number of bootstrap replications to 
200 and by not permitting multi-core computations. Finally, for infer-
ULQJ� VLJQL¿FDQFH��ZH� UHO\� RQ� WKH� ���� FRQ¿GHQFH� LQWHUYDO�� 6XFK� GHFL-
sion boundary is in line with Cheung et al. (2015) who applied the same 
methodology to testing multiple bubbles in the Bitcoin cryptocurrency 
market.

IV. Data Set Overview
              In our analysis, we consider daily closing prices of Ethereum 
over the time period 7 August 2015 to 11 October 2019. We only use the 
log value of weighted prices for further computations. 
              The dynamics of our data are outlined in Table 1. It is evident 
from the summary statistics that the series exhibits high deviations from 
the long-run mean. We also detect an upward trend in the data, with pric-
es ranging between 0.416 USD in 2015 and 1397 USD during its all-time 
high in January 2018. The interquartile range of approximately 283 USD 
indicates that the data exhibits fat tails. 

 

5 "e asymptotic critical values are tabulated but in small samples these computations require Mon-
te Carlo simulations as speci!ed in Phillips et al. (2011).
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           Figure 2 also supports the possibility of non-constant volatility in 
the series, which could be indicative of conditional heteroskedasticity in 
returns. However, visual inspection of squared returns (procedure out-
lined in Diebold et al., 2019) does not support the conditional heteroske-
dasticity hypothesis. In addition, Monte Carlo simulations by Pedersen 
and Schütte (2017) assert minimal impact of heteroscedasticity on the 
BSADF procedure (i.e. no critical test statistic distortions). We, there-
fore, do not perform any additional diagnostic checks on the variance 
dynamics.
           As for serial correlation in the data, the time series is highly per-
VLVWHQW�EHFDXVH�LWV�DXWRFRUUHODWLRQ�LV�FORVH�WR���DQG�VLJQL¿FDQWO\�GLIIHU-
ent from 0 for lags 1-100. Figure 3 depicts the autocorrelation for lags 
0 through 20. As for the partial autocorrelation function, we see both 
WKH�YDOXHV�ODJJHG���DQG���SHULRGV�WR�EH�VLJQL¿FDQW�LQ�H[SODLQLQJ�WRGD\¶V�
Ethereum prices. Since our autocorrelation function results imply high 
persistence in the time series, it is important to determine whether the 
observed trend is deterministic or stochastic. To do so, we used the left-
WDLOHG�$XJPHQWHG�'LFNH\�)XOOHU�WHVW��:H�DSSOLHG�WKH�WHVW�WR�WKUHH�VSHFL¿-
cations: (1) model without a constant; (2) model with a constant; and (3) 
model with a trend. In all cases, we failed to reject the null hypothesis of 
a unit root in the series6 . This result supports a stochastic trend, i.e. the 
series to be integrated of order one. However, the test’s critical region is 
limited to the left-tail and, hence, does not incorporate the possibility of 
explosive series. We consequently apply the BSADF test to investigate 
the presence of explosiveness in the prices.

  

6 We did not utilize the Bayesian information criterion (BIC) to decide on one of the three speci!-
cations, i.e. (1) model without a constant, (2) model with a constant and (3) model with a trend, as 
such an approach was criticized by Phillips et al. (2015)
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V. Results
               This section reports the results of our analysis of whether the 
market prices of Ethereum exhibited speculative bubble behaviour be-
tween 7th August 2015 and 11th October 2019. As outlined in Figure 
���ZH�¿QG�PXOWLSOH�EXEEOH�SHULRGV�XVLQJ�WKH�%6$')�WHVWLQJ�SURFHGXUH��
The test statistic, represented by the solid blue line, clearly shows that 
it exceeds its corresponding 99% critical value (denoted by the purple 
dotted line) 15 times over the sample period, which corresponds to the 
LGHQWL¿FDWLRQ�RI����HSLVRGHV�RI�VSHFXODWLYH�EXEEOHV�LQ�WKH�GDWD��
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                 In line with Katsiampa (2018), it might be argued that the ubiq-
uity of bubble formation throughout 2016 be linked to DAO hacker at-
tacks. This event undoubtedly would have spooked investors. Likewise, 
WKHUH�ZHUH�QRWDEOH�UHDVRQV�IRU�WKH�SUROL¿F�EXEEOH�SHULRGV�RI������ZLWK�
the increasing media attention and legitimacy Ethereum was receiving 
from investors and politicians alike. For example, when Vatilak Buterin 
(Etherum’s Founder) described the opportunities for using the technolo-
gies he developed in Russia, a statement released by the Kremlin in June 
2017 stated that President Putin supported the idea of securing further 
Russian investment in Ethereum. Furthermore, eToro added Ethereum to 
its listings on February 23, 2017 when the cost of one coin was only $23. 
In May 2017 AVAT Trade added Ethereum to its listings at a time when 
one Ether coin was trading at $100. Moreover, in February 2017 large 
institutions, such as J.P Morgan Chase, Intel and Microsoft, began to 
use Ethereum’s software (Crosby et al., 2016), and this credibility might 
have continued to fuel the bullish market. 

VI. Limitations and Possible Extensions 
���������������'HVSLWH�WKH�FOHDU�FXW�¿QGLQJV�RI�RXU�DQDO\VLV��VRPH�FDXWLRQ�LV�
required with respect to the interpretation of the discovered bubble peri-
ods. Primarily, our results stem from the assumption that the underlying 
price series exhibits explosive behaviour during periods of speculative 
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EXEEOHV��+RZHYHU��RWKHU�VSHFL¿FDWLRQV�RI�VSHFXODWLYH�H[FHVV�KDYH�DOVR�
been outlined in the literature. For example, Monschang et al. (2019) 
GH¿QH�D�UDWLRQDO�EXEEOH�ZKLFK�IROORZV�D�UDQGRP�ZDON��7KHUHIRUH��PRUH�
UHVHDUFK�DQG�GLVFXVVLRQ�DUH�UHFRPPHQGHG�DV� WR�ZKLFK�VSHFL¿FDWLRQ�RI�
cryptocurrency bubble is more suitable. This also brings up the prob-
OHP�RI�WKH�YHU\�GH¿QLWLRQ�RI�VSHFXODWLYH�EHKDYLRXU�LQ�WKH�FU\SWRFXUUHQF\�
market. As stressed in Pesaran et al. (2018), the BSADF test does not 
allow for the possibility that the detected periods of exuberance are not 
in fact bubbles but are rather signs of rapidly changing fundamentals in 
the cryptocurrency. 

�$QRWKHU�FDYHDW�RI�RXU�UHVHDUFK�FRQFHUQV�¿QGLQJV�UHFHQWO\�SXE-
lished by Phillips et al. (2015). According to Monte Carlo simulations, 
the BSADF test has much lower detective capacity than a recently intro-
duced generalized version of the test – the GSADF. The superior pow-
er of GSADF is particularly evident when multiple periods of market 
exuberance are present in the data. This suggests the direction of future 
research in Ethereum should include the usage of the GSADF instead. 

VII. Conclusion 
             We found 15 periods of speculation within the price of Ethereum, 
with the most notable bubble period lasting from 3rd February 2017 to 
17th April 2017. Thus, our results did support the hypothesis that Ethere-
XP�ZDV�LQ�IDFW�LQ�D�EXEEOH�IRU�D�VLJQL¿FDQW�SHULRG�RI�WLPH�GXULQJ�LWV�SULFH�
KLJKV��2XU�¿QGLQJV�PLJKW�EH�RI�LQWHUHVW�WR�LQYHVWRUV�ZKR�DUH�FRQVLGHULQJ�
Ethereum’s place within an investment portfolio. Also, the discovered 
exuberance might hold the attention of policy makers, particularly with 
respect to creating cryptocurrency legislation. While this paper focused 
on Ethereum, it is important to outline that there are numerous other 
cryptocurrencies, such as Bitcoin, Ripple and Litecoin, that have all ex-
perienced a similar price evolution to Ethereum and therefore, it does 
pose the question as to whether or not the market is a bubble in its en-
tirety.  
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