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1 Basic Concepts

From a mathematical point of view, everything in this course happens in finite
dimensional real spaces. Therefore, we can — without loss of generality — restrict

ourselves to the topology on R", induced by the Euclidian norm.!

Definition 1.1 (Euclidian norm). Let xz,y € R™. The Euclidian norm between z

and y, denoted by |z — y||, equals

lz =yl = V(@1 —y1)? + - + (20 — yn)?.

Definition 1.2 (e-neighbourhood). Let a € R™. The e-neighbourhood of a, denoted
by U.(a) is the set
Us(a) ={z € R": ||z — a]| < &}.

Using this definition we can define the concept of an open set.

Definition 1.3 (open set; closed set). A set A C R"™ is open if for every a € A,
there exists an £, > 0, such that U, (a) C A. A set A C R" is closed if A is open.

Recall that a set may be neither open nor closed. Take, for example, the interval
A = (0,1]. For every € > 0 it holds that U.(1) € A. Also, for 0 € A°, U.(0) ¢ A°.

So, neither A nor A€ are open.

*Department of Economics, Trinity College, Dublin 2, Ireland. Email: thijssej@tcd.ie
!Theorem 6.27 in David Wilkins’s notes.



Definition 1.4 (interior point; boundary point). Let A C R™. A point a € A is an
interior point of A if there exists an e-neighbourhood U, (a), such that U.(a) C A.
A point a € A is a boundary point of A if for all € > 0, it holds that U.(a) € A.

The set of interior points of A is denoted by int(A), whereas the set of boundary
points of A is denoted by 9(A).
In this part of the course we are concerned with optimizing functions. Therefore,

we first need to recall the notions of maximum and minimum.

Definition 1.5 (maximum; minimum). Let A C R™. The function f : A — R

attains a
1. global maximum at a € A if V,ea : f(x) < f(a),
2. global minimum at a € A if V,ea : f(z) > f(a),
3. local maximum at a € A if Jo>0V,er. (o) * f(2) < fla),
4. local minimum at a € A if 3.50V,ep.(a)  f(2) > f(a).

A maximum/minimum is called strict if the inequalities in the above definition
are strict. In optimisation theory it is often assumed that functions are differentiable
“as often as needed”. We say that f(-) is a C* function if f has continuous partial
derivatives of up to and including order k.

The partial derivative of f with respect to x; is denoted by g—i or D;f. The

2
second order partial derivative of f with respect to x; and x; is denoted by %,
10T

or DZJf
Definition 1.6 (Jacobian; Hessian). Let A C R™ be a set and let f: A — R be a

C? function. The (row-) vector of first order partial derivatives

Df: (D1f>"'aD2f)7
is called the Jacobian (matrix) of f. The matrix of second order partial derivatives

Duf -+ Dunf
Hf: : : )

is called the Hessian (matrix) of f.

Sometimes we use the transpose of the Jacobian, a (column) vector, which we
call the gradient:
Vf=Df".



The order of differentiation does not matter:

62f _ 82f
81‘@8:03' - 8xj8:ci'

In other words, the Hessian is a symmetric matrix.
In determining whether a “candidate optimum” is a maximum or a minimum,

it will turn out that the structure of the Hessian plays an important part.

Definition 1.7 (positive (semi) definite). Let A be a symmetric n x n matrix. Then
A is positive (semi) definite if 2T Az > (>)0, for all z € R™.

Property 1.1. Let A be a symmetric n X n matriz. The following properties are

equivalent.
1. A is positive (semi) definite.
2. All eigenvalues \; of A satisfy \; > (>)0.
3. All principal submatrices® of A have a positive (non-negative) determinant.

Definition 1.8 (negative (semi) definite). Let A be a symmetric nxn matrix. Then
A is negative (semi) definite if " Az < (<)0, for all x € R™.

Property 1.2. Let A be a symmetric n X n matriz. The following properties are

equivalent.
1. A is negative (semi) definite.
2. All eigenvalues \; of A satisfy \i < (<)0.
3. All principal submatrices of —A have a positive (non-negative) determinant.

We will, therefore, often need to compute determinants of matrices. Some results

that will help us follow.

Theorem 1.1. If A is a square diagonal matriz A = [a;;); j, then det(A) = ai1 - - anp.
Theorem 1.2. If A is a matriz, then det(AT) = det(A).

Theorem 1.3. If A is a square matriz, then:

1. if a multiple of one row of A is added to another row to produce a matriz B,
the det(B) = det(A);

2The k-th principal submatrix of A is the matrix constructed by taking the first k rows and the

first k columns from A.



2. if two rows are interchanged to produce B, then det(B) = — det(A);
3. if one row of A is multiplied by o to produce B, then det(B) = a - det(A).

We will also encounter functions mapping sets into higher dimensional Fuclidian
spaces. So, if g : R"™ — R™ is a differentiable function with typical element g(z) =

(g1(x),...,gm(x)), then the Jacobian matrix — denoted by Dg — is given by
Digr -+ Dpp
Dg— ) . )

Dlgm e Dngm

In other words, we stack all the Jacobian (row) vectors of the coordinate functions

in one matrix. Finally, two important properties.

Property 1.3 (chain rule). Let f: R® — R™ and g : R¥ — R" be functions and let
a € RF be such that g is differentiable in a and f is differentiable in g(a). Then the
function fog:RF — R™ is differentiable in a and D(f o g)(a) = Df(g(a))Dg(a).

Property 1.4 (2"? order Taylor polynomial). Let f : R* — R be a C? function
and let ¢ € R™. Then for every x € R", there exists £ € R™, such that

F(@) = f() + D@ — ) + 3z~ ) HFE)(w o).

2 Optimization of a Function on R

The material in this section is a summary of the results that you have encountered

(T assume) in Analysis 1. The central problem is as follows.

Problem 1. Let f: I — R, where I C R. Find the location and type of the optima
of fon I.

The following elementary theorem reduces the number of possible candidates

substantially.

Theorem 2.1 (first-order condition). Let a € int(I). If a is an optimum location
for [ and if f'(a) exists, then f'(a) = 0.

So, the only possible interior points where f’ exists that could qualify as optima
locations, are the ones for which f/(a) = 0. These points are called the stationary

points of f. The possible locations of optima can now be found as follows.

Algorithm 1 (finding candidate optima). 1. Determine the stationary points of
fi



2. Determine the points where f is not differentiable;
3. Determine the boundary points of I.

The next task, of course, is to determine which of these candidates (if any)

represents an optimum location. Two results are important here.

Theorem 2.2. Let a € int(I) and let f be differentiable in a neighbourhood U.(a)
and let f'(a) =0. If

v:L‘EUg(a):ac<a : f,(x) > (<)0, and vﬂceUs(a)::c>a : f/(x) < (>)O=
then f(a) is a strict local mazimum (minimum) of f.

Theorem 2.3 (second-order condition). Let a € int(I) and let f be differentiable
on I, such that f"(a) exists. If f'(a) =0 and f"(a) < (>)0, then f(a) is a strict

local mazimum (minimum) of f.

Note that Theorems 2.2 and 2.3 do not say anything about boundary points or

non-differentiable points. Those have to be studied in isolation.

Example 2.1. Consider the functions fi(z) = 2%, fao(z) = —2, and f3(x) = 3.
For each of these we have f/(z) = 0. Furthermore, f/(0) = 0. So, Theorem 2.3 does
not help us. However, from Theorem 2.2 it immediately follows that f;(0) =0 is a

local maximum for ¢ = 1, a local minimum for ¢ = 2, and neither for ¢ = 3.

Finally, we address the question whether one can say something about the global
character of optima. In general, that is a difficult question to answer, but there are
two cases where something can be said. Firstly, if f is differentiable on I, then
Theorem 2.2, together with an investigation of the closure of int(I) gives a full

answer. Secondly, if I is compact we have the following result.

Theorem 2.4 (Weierstrass). Let I be compact and non-empty, and let f be contin-

wous on I. The f has a global mazimum and a global minimum.

Example 2.2. Let f:[—1,3] — R, where

1 1
f(z) = Zx4 - gx?’ + §x2 -1

1. The stationary points are

fi(w) =0
=’ -Str=a@® - Jrt+l) =2@-2@-3) =0

<:>x:0\/x:2\/a::%.



2. Together with the boundary points this gives the candidate optima locations
a:z—l\/sz\/a::2\/a::%\/x:3.
3. These locations have the values
F=1) = 5. F(0) = =1, F(1/2) = 1+ 5, £(2) = =3, £(3) = &.

So, the global minimum is f(2) = —5/3 and the global maximum is f(3) = 5/4.

3 Convexity

Theorem 2.3 gives a sufficient condition for the nature of a stationary point. From
a geometric point of view this theorem tells us that local concavity (convexity) is a
sufficient condition for a stationary point to be a local maximum (minimum). Recall
that a function f : R — R is concave (convex) if the line connecting any two points

on the graph of f lies entirely under (above) the graph itself (see Figure 1)

f convex f concave
. .

Figure 1: A convex (left-panel) and concave (right-panel) function.

This idea can be generalized to R™.

Definition 3.1 (convex set). A set A C R™ is convex if for all z,y € A and X € [0, 1]
it holds that Az + (1 — \)y € A.

The point Ax+ (1—\)y € A is called a convex combination and is just a straight

line between x and y.



Definition 3.2 (concave/convex function). Let f : A — R, with A C R™ convex.

The function f is concave (convex) if for all x,y € A and all A € [0,1] it holds that

fAz+ (1= Ny) = (A f(z) + (1 =) f(y).

Note that convexity of A ensures that f(Az+ (1 —\)y) exists. f is called strictly
concave (convex) if the inequality is strict. Also, f is (strict) convex iff —f is (strict)
concave.

From Figure 1 you can see that another way to characterize concavity is by using
tangent lines. You can see that f is concave (convex) if for every point a, the graph

of f lies entirely below (above) the tangent line through a.

Lemma 3.1. Let f : A — R be C', with A C R"™ open and convex. Then f is
concave (convex) if and only if for all x,a € A, it holds that

f(z) = fa) < (=)D f(a)(z — a).
f is strictly concave (convex) if the inequality is strict for all x # a.
We can now generalize Theorem 2.3.

Theorem 3.1. Let f : A — R be C?, with A C R"™ open and convex. Then f
is concave (convex) if and only if for all x € A, it holds that H f(x) is negative

(positive) semi-definite.

Example 3.1. Let f(x1,72) = 27 + 2323, Then

Df(x) = [4:1:‘% +2x75 4x223|, and Hf(x) =

1222 + 225 Szya3 ]

3 2,.2
8T 122725

The determinants of the principal submatrices of H f are det(H f11) = 1222 +2x5 > 0

and
det(H f) = (1227 + 2x3)(122323) — (8x123)? = xad(1442% — 4023) = 0,

so that H f is neither positive nor negative semi-definite. Therefore, f is neither

concave nor convex.

Example 3.2 (Cobb-Douglas). Let f: R} — R be given by?

f(x) = caftaly? - apm,
where ¢, aq,...,a, > 0. When is f strict concave?

3In economics this type of function is called a Cobb-Douglas function. We will encounter it

more often later on.



Note that

Df($):[%f($) ‘;—Zf(x), and

allf@) - D)
Hf(x) = : :
w0l f(z) oo 2elG=Df(a)

We want to apply Property 1.2 and note that

ai(a1—1) ajay
m% 1T
det(—H fri) = | — H fr] = (=D f(2)* : :
apail ag(ag—1)
Tl wz
a;—1 ag
@ o o Tk
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By using several row operations we can compute this determinant as follows.

Zf:lai_l Zf:lai_l Zf:lai_l
a1 — 1 .- a1
(65) a9 — 1 (%)
ak .. ak —_ 1
(92 (697 O — 1
1 1 e 1
k Qg O — 1 - (6D)
= Zai -1 . . . .
i—1 : : K :
AL AL e O — 1
1
K -1 0
1=1
0 0 -1
0
k k
0 -1
_ (Z% . 1> _ (Zal - 1) (1)t
i=1 i=1
0 O -1
Therefore,

[0 [0 K
det(—H fp) = (—1)% (—1 o —:) fla) (Z a; — 1) ,
=1

which is positive for all k =1,...,n, only if Y 1" | a; < 1.

4 Optimization of a Function on R"

We now turn to optimization problems with functions f : R™ — R.

Problem 2. Let f: A — R, with A C R"™. Determine the location and type of
optima of f on A.

First, like with functions on R, we give a criterion that reduces the number of

candidate optimum locations.

Theorem 4.1 (first-order condition). Let ¢ be an interior point of A. If ¢ is an

optimum location for f and the partial derivatives of f exist at c, then Df(c) = 0.



Proof. Let f be differentiable at ¢ and let u € R™ be such that ||u]| = 1. Consider
the function F' on some open interval I = (-4, ), defined by

F(t) = f(c+1t-u).

Since f(c) is an optimum of f, it holds that F'(0) is an optimum of F.Since F is
differentiable at 0, with F'(0) = Df(c)u (chain rule) it follows from Theorem 2.1
that F’(0) = 0, i.e. that Df(c)u = 0.

The vector u has been chosen arbitrarily, so that Df(c)u = 0 for all u. Take
u=-e;,1=1,...,n, then

le(c) = O,Dgf(C) = 07 aan(C) = 07

ie. Df(c)=0. m
So, completely analogous to Section 2 we note that the only possible candidates
for an optimum are those interior points ¢ where f is differentiable and D f(c) = 0,

the boundary points of A, and the points where f is not differentiable.

Definition 4.1 (stationary points). The solutions to the system of equations D f(z) =

0 are called the stationary points of f.

This definition is consistent with the definition we gave for the one-dimensional

case. There are stationary points that do not lead to a maximum or a minimum.

Definition 4.2 (saddle point). A saddle point of f is a stationary point that is not

an optimum location.
So, we get the following algorithm.

Algorithm 2 (finding candidate optima). 1. Determine the stationary points of
fi

2. Determine the points where f is not differentiable;
3. Determine the boundary points of A.
We have the following generalization of Theorem 2.3.

Theorem 4.2 (second-order condition). Let f be C? on on A and let ¢ € A be an

interior point of A.

1. If Df(c) = 0 and H f(c) is negative (positive) definite, then f(c) is a strict

local mazimum (minimum) of f.

2. If Df(¢) =0 and H f(c) is neither negative nor positive definite, then f(c) is
a saddle point of f.

10



Proof.

1. We give a sketch of the proof of this part. Suppose H f(c) is negative definite.
Since the second order partial derivatives are continuous, there exists a neigh-
bourhood Ug(c), such that H f(z) is negative semi definite for all z € U.(c).
Take = € U.(c), x # c. Then there exists { between x and ¢ such that (Taylor)

1
f@)=f(e) + 5z =) Hf(€)(w — o).
Since ¢ € U.(c), it holds that H f(€) is positive definite. Therefore

1 T

S — o HI€) ) <0

Hence, f(x) < f(c), for all z € U.(c). Therefore, f(c) is a local maximum.

2. Follows from — f(c) being a local maximum.

3. Suppose H f(c) is neither negative nor positive definite (i.e. indefinite). Sup-
pose that f(c) is not a saddle point. Then f(c) is a local optimum. Assume,

without loss of generality (wlog) that f(c) is a local minimum of f.

Let u € R™. Since c is a stationary point of f, and hence an interior point of
A, there exists § > 0 such that c+t-u € A forall t € I = (6,0). On I, define
the function F' by F(t) = f(c+t-u). Then F(0) = f(c) is a local minimum
of F. From the chain rule it follows that F' is twice differentiable and that

F'(t)=Df(c+t-u)u, and F'(t)=u'Hf(c+t u)u,

for all t € I. Since F(c) is a local minimum of F' it holds that F”(¢) > 0.
But since u has been chosen arbitrarily this means that H f(c) is positive semi

definite, which is a contradiction.

Theorem 4.2 almost always tells us what kind of point a stationary point of f is.
The only case where we need further investigations is when H f(c) is singular and
semi-definite (positive of negative). In that case, the Hessian does not give enough

information.

Example 4.1. Consider the function f : R* — R defined by
f(x) = 2029 + 4823 + 614 + 8z129 — 42T — 1203 — 25 — 423,
Then
8%2 — 8%1
20 + 8z1 — 1223
48 — 2415
6 — 233‘4

Df(x)" = Vf(z)=

11



This implies that the stationary points are (—1,—1,2,3) and (5/3,5/3,2,3). Fur-

thermore, the Hessian of f equals

-8 8 0 0
8 24z O 0

HIGI= g g Laa g
0 0 0 -2
Note that
det(Hf(x)ll) = —8
det(Hf(x)gg) = 64(3%2 - 1)
det(Hf(x)gg) = —1536(3%2 + 1)
det(Hf(x)44) = 3072(3%2 +1).

It then follows from Theorem 4.2 that f(—1,—1,2,3) is a saddle point of f, whereas
f(5/3,5/3,2,3) is a local maximum. Finally, since f is everywhere differentiable

and there are no boundary points, there are no other candidate optima.

Can we say something about the global character of optima? Even more so than
in the one-dimensional case this is a complex matter. There are three situations

where we can say more.

Theorem 4.3 (Weierstrass). Let A C R™ be compact and non-empty and let f :

A — R be continuous. Then f has a global maximum and a global minimum on A.
The proof of this theorem is a bit long and tedious and, therefore, omitted.

Theorem 4.4. Let f be a C' function on A, where A C R™ is convex and let ¢ be
an interior point of A. If f is concave then f(c) is a global mazimum iff Df(c) = 0.
If f is convex then f(c) is a minimum iff Df(c) = 0.

Proof. We prove the result only for concave functions. Define the first order Taylor

polynomial g. : R® — R around ¢, i.e.

ge(x) = f(¢) + Df(c)(x — ¢).

Since f is convex it holds that f(z) < g.(z), for all x € A. Since Df(c) =0, we see
that f(z) < f(c), for all x € A. Therefore, f(c) is a global maximum. m

Theorem 4.5. Let A be a closed, non-empty subset of R", and let f : A — R be
continuous such that f(x) — —oo as x; — +oo (and x; € A). Then f has a global

maximum on A.

12



Proof. Assume wlog that 0 € A. Then there exists rsuch that f(xz) < f(0), for all
x € A such that [|z|| > r. The set

K={zeA:|z|] <r},

is compact and, therefore, f attains a global maximum on K (Weierstrass) at, say,
c. Since 0 € K, we find that

f(e) = f(0) = f(z), V.e€S\K,
so that f has a global maximum on A. m
Example 4.2. Consider the function f: R® — R, defined by
f(z) = 2% + 223 + 322 + 22129 + 22123

Then
221 + 2x9 + 223

Vf(z)= 49 + 224 ,
6x3 + 211

implying that (0,0,0) is the only stationary point. Also,

2
Hf(z)= |2
2

S =N

2
0],
6

implying that det(H f(z)11) =2 > 0, det(H f(x)22) =4 > 0, det(H f(z)33) = 8 > 0.
Therefore, H f(x) is positive definite for all z € R? and, hence, f is strictly convex.
From Theorem 4.4 it then follows that f(0,0,0,0) is a global minimum.

5 The Implicit Function Theorem

In economics and business problems we want to optimize some function under con-
straints. For example, suppose that you are the production manager of a company
that produces tables, chairs, etc. To make these items you need wood, nails, and
labour. Your task is to find an allocation of wood, nails, and labour, so as to pro-
duce a certain amount of tables, while minimizing the costs of doing so. Obviously,
you cannot just do anything, as there is a fixed way of how to combine the inputs
(wood, nails, labour) into outputs (tables, chairs, etc.). Economists call these tran-
sition processes technologies. Each one can be thought of as a cooking book recipe:
how do you use the ingredients to produce a nice meal. A technology can be written

as a function g;(z), where = denotes the vector of inputs. The costs of using a vector

13



x of inputs can also be written as a function, say f(z). In general, your problem is

to solve the problem

minimize f(x)

such that gi(x) = by

gm(x) = by,

where by, ...,b, are the pre-specified levels of output you need to produce.

In the next section we will introduce the mathematics of solving such problems.
The solution uses the so-called implicit function theorem. This theorem deals with
the question under what conditions it is possible we can get, from a system of m

equations in n variables (m < m), m equivalent equations, such that m variables

from the vector x = (z1,...,2,), can be written as a function of the other n —m
variables. In other words, are there functions 1, ..., ¢, such that
Tp—m+1 = L1 (‘T17 cee 7xn—m)

(2)

Tn = Em (1, Tnm),

such that this system is equivalent with (1). If, namely, this is possible we can reduce

the problem of finding optima of f under (1) to finding the optima of the mapping

(‘le- . 7xn—m) = f(xla s 7xn—m,Q01(x1, s 7xn—m)7- .. 790m(x17 e 7xn—m))7 (3)

without any constraints. Then we can apply the results from Section 4 to (3) and
we are done.

Unfortunately, life is not so simple as the following example illustrates.

Example 5.1. Let S = {(z1,22) € R? : 22 + 23 = 1}, i.e. the unit circle. It is
obvious that we cannot describe the entire circle by using a function of the form
x1 = @1(x2), or 2 = @a(x1).

But what if we are more modest? Let’s look at the unit circle. We can see that
for every point a € S, there exists a neighbourhood U, (a), such that all points in
U.(a) can be written as a function of the form x; = f;(z;). In other words, we can

not find a global solution to the problem, but a local solution is possible.

We also saw in the previous section that solving optimization problems is, in
first instance, an entirely local business. Recall that we looked at local convexity

and concavity to determine the nature of a candidate optimum. So maybe the local

14



result we found in the example is actually not quite that bad. The question then
becomes: can we always find such a neighbourhood U, (a), for each point a in the
domain?

Suppose, for now that we have found conditions such that, locally, we can
rewrite (1) as (2). Then, by defining

2D = @1, Taem)y 22 = @t 2a)s and @ = (91 o),

then optimizing f under (1) is the same as optimizing F(z( := f(z(M), o(zM)).

The Jacobian matrix of g can be written as

gwlml e gmlwnfm gmlwnferl e gwlwn
gl‘mxl e gCmenfm gwmxn7m+1 e gxmxn

We can now find the stationary points of F' by solving

I

ol = (4)

o

Since g(z™M, (™)) =b=: (by,...,by), we have Dg = 0. Therefore,

[Dg) Dy [ D;] o,

If Dg® is invertible, it then follows from the latter equation that
DgW + Dg®Dp =0 < Dy = (Dg?)'DgW.

Substituting this back into (4) we find that

I
o [(Dg<2>>—1Dg<1>] B

The interesting thing is that we can solve this last system of equations without any
knowledge of p. This is an essential result, which makes the task of finding the
stationary points of the optimization problem reasonably straightforward.

The main question, of course, is under what conditions we can rewrite (1) locally

as (2). The answer is given by the following theorem.

Theorem 5.1 (Implicit function theorem). Let g; : S — R, i = 1,...,m, be C*
functions and let S be an open subset of R™. Consider the system of m equations,

with m < n,

gi(z1,...,zn) = by

Im(T1, ... xn) = bpy.



Let a be a solution to this system. If the Jacobian matrix Dg has rank m, then
there exists a neighbourhood where we can solve the m variables corresponding to the
m independent columns of Dg(a), uniquely as continuous (partially) differentiable

functions p1, ..., om of the remaining n — m variables.

In other words, if (wlog) a = (¢,d) € R"™™ x R™ is a solution to (5) and the last
m columns of Dg(a) are linearly independent, then there exist a neighbourhood U
around c in R™, a neighbourhood V around d in R®™, and a unique C" function
@ : U — V, such that

9(x1y . Ty, (1, ) = b,

for all (z1,...,2p—m) € U. Note that the partial derivatives of o1, ..., p.;,, which
are continuous, can be expressed in terms of the partial derivatives of g1,..., gm, by
implicit differentiation of the system (5) with respect to Zy—m+1,...,2,. We can
see this as follows. Assuming (wlog) that Dg(® is singular in a, then the IFT says
that in a neighbourhood of a it holds that

Tn—m+1 = P1 (5171, ce ,xn—m)

Tp = (Pm(xla cee 7xn—m)'

It, therefore, follows that

-1
Dip(aV) = = | Dg? @, (aV))| D (@, p(aV)).

Proof. In lecture. m

Example 5.2. Let

2 3
g1(x1, 22, 23) =27 —x2 — 323 =0

92(x17x27x3) = _2$1 + 2.’1’% — xr3 = 0.

Differentiation gives the Jacobian

|2z -1 —923
7 65 1|

Note that this matrix has rank 2, since the determinant of the last 2 columns is

nON-Zero:
-1 —923

=1+ 542222 £ 0.
6.’1’% ] 243 75

16



From the IFT we now see that for every point a, with g(a) = 0, we can, locally,

write
xo = p1(x1), and x9 = @o(z1).

We can now apply implicit differentiation and find

1 —9a2] ' [2a 1 1 9a2] ' [2a
Dy(a) = — ’ | = BRI ’ |
6a3 —1 -2 1 +54a3a3 | —6a2 —1 _9
Example 5.3. Let

1 1 1
g(z1,29,23) = ﬁx% + gxg + ﬁa:g

Differentiation gives:

= |2z 2z 2
Dg_[m 3 27"

So, rank(Dg) = 1, for all x # 0. Since g(z) # 1, we conclude from the IFT
that around every solution to g(z) = 1, one variable can locally be written as a
function of the two other variables. Let’s take (0,1/3,0). The IFT tells us there is
a neighbourhood around (0, /3, 0), where z3 can be written as a function of z; and

x3, i.e. xg = @(x1,x3). For the derivative of ¢ in (0,0), we find that
D (0 0) — % - 2z1  2z3
PplU, V) = 3 T o

—-3v3Jo o|=|o 0.

In general there are several ways to write this system of equations as a function of

(z1,22,23)=(0,v/3,0)

two variables. Consider, for example, the point (—2,1,—3). Here we could, locally,
write 1 = @1(22,x3), T2 = wo(x1,23), or x3 = Y3(x1,x2), for certain ¢1, @y, and
3. It will turn out later that the precise choice is irrelevant for solving optimization

problems (although a clever choice can make computations easier).

A final reminder: the IFT applies locally! Even if the Jacobian has full row-rank
for every solution x with the same set of linearly independent columns of Dg, this

does not imply that the function ¢ is the same.

6 Optimization of a Function on R" with Equality Con-

straints

In this section we consider the following problem.

Problem 3. Let f: S — R be differentiable, with S C R open. Find the location
and type of the optima of f on S, given the constraint that = € S satisfies g;(x) = b;,

i=1,...,m, where all g; are C'. We assume that m < n.
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let us first look at some classical examples from economics and operations re-

search before delving into the mathematics.

Example 6.1 (Utility maximization). Consider a consumer who has to choose a
“bundle” of goods from a set T" C R™.* Economists assume that this consumer
tries to maximize her “utility” (a fancy word for “well-being”), which is given by
some function U : T — R, called the utility function.® Obviously, the consumer can
only buy bundles that she can afford, i.e. « € T should be such that it satisfies the
budget constraint p’ x = b, where p denotes the vector of prices for each good, and b

denotes the consumer’s budget. So, the consumer’s problem is to solve the problem

maximize U : T — R

such that p'z = b.

Example 6.2 (Inventory management). A firm has to determine how many times
a year (denoted by the variable x9) a certain quantity of a good (denoted by 1)
has to be taken into its inventory to satisfy a certain demand d. It is assumed that
between two orders, the inventory decreases with a constant speed until nothing is
left. The average inventory over, say, a year is then %xl, with unit cost ¢;. Placing
an order incurs costs co. The firm’s choice is now determined by minimizing the

total costs under the condition that demand is satisfied:

minimize %clxl + coxo

such that z129 = d.

Remark 6.1. In both examples it is, of course, implicitly assumed that x > 0. We

will discuss this constraint in more detail in the next Section.

To solve the basic problem of this section we will, in fact, reduce it to a problem
of optimization without constraints. We can then use Theorem 4.1 to determine the
stationary points of that reduced problem. This reduction can be done in two ways.
Firstly, it can, sometimes, be achieved via direct substitution of the constraints in
the objective function (i.e. the function which is to be optimized). If this method
fails, a more general method can be found, which uses an indirect substitution of the

constraints in the objective function via the implicit function theorem (Theorem 5.1).

4This could be yourself walking through the supermarket trying to buy your groceries. A bundle

of goods is then nothing more than a list of the goods you have put in your basket.
Slater in the course we will build an axiomatic theory of preferences leading to such utility

functions.
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6.1 The substitution method

The basic idea of the substitution method is to solve the constraints explicitly. If
this can be done, we can immediately substitute the m conditions in the objective
function, which then becomes a function of n—m variables. The analysis of Section 4
can then immediately be applied. The advantage of this method is that is quick and
intuitively appealing. The disadvantage is that is does not always work. The method

will be illustrated with two examples.
Example 6.3. Consider the problem
optimize f(x1, 9, x3) == =7 + 23 + 23
such that g1 (z1,z2,23) == 21 + 229 + 23 =1

gg(xl,xg,xg) = 2%1 — T2 — 3%3 = 4.

From the constraints we can, for example, solve x1 and xo explicitly as functions of

x3, since it holds that

1 2 T B 1—:173
2 —1 X9 - 4+3$3 '
which implies that
-1
x| 12 l—azs|  1|-1 —2||1-a3 2+ 3
o 2 —1| |4+ 3z 51-2 1| |4+ 3z —2 a4

Substitution in the objective function then gives the reduced optimization problem
optimize F(x3) := (9/5 + x3)? — (2/5 + x3)* + 3.
The stationary points are found from
F'(z3) =0 < 2(9/5+z3) — 2(2/5 + x3) + 223 =0 < z3 = —T7/10.

Furthermore, F"(x3) = 2 > 0. Therefore, f(11/10,3/10,—7/10) is a global strict

minimum.

Example 6.4. Consider the problem
optimize f(x1,x9,x3) = x122
such that g1 (x1,x9,23) == x

1
e 2 2 __
92(331,332,333) =Ty a3 = L.

From gy it follows that |z5] = /1 — 2% <1 and 23 = 1 — 23. Substitution of g; in

the objective function gives

F(x2) := (12 — 22)xs.
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So, the optimization problem is equivalent with the following one:

optimize F(zs) := (12 — x3)xy

such that |zo| < 1.
The stationary points are given by
Fl(z2) =0 <= —223+12-25=0 <= 25 -4=0 <= 23 =2Vag = —2,

These do not satisfy the condition and, therefore, F' does not have stationary points.
What about the boundary points x such that |z| = 1? Note that F'(z2) > 0, for all
x € [—1,1]. Therefore, F' attains a strict minimum at z = —1 and a strict maximum
at x = 1. To conclude, f(11,—1,0) is a strict minimum and f(11,1,0) is a strict

maximum.

6.2 The method of Lagrange

If we cannot explicitly solve the constraints, it is still — under a mild regularity
condition — possible to solve the constraints (locally) implicitly via the implicit
function theorem. That is, locally it holds that z(?) = ¢(z(M)) for some unknown
function ¢. By substituting this function in the objective function we get a reduced
objective function F that only depends on z(). By using the result that Dy =
—(Dg)~1DgM | we can compute DF(z(1)), without knowing ¢:

1 1
DF@®) = Df [D(p] N [—(Dg@))—ng(l)] '

We will make this procedure formal in the following theorem.

Theorem 6.1 (Lagrange). Let f,g1,...,9m : T — R be C! functions on an open set
T C R™, with m < n. Let a be a solution of system (5). If a is an optimum-location
for f under the constraint g(x) = b, and if the Jacobian matriz Dg(a) has rank m,

then there exists a unique vector X € R™, such that

Df(a) = ATDg(a) = Df(a) =Y Xi- Dgi(a) =0". (6)
i=1
Proof. Assume (wlog) that 21 = (1,...,Tp—m) and 2 = (Tn—mads -y Tn).

From Theorem 5.1 it follows that there exists a neighbourhood U.(a) of R", such
that for all z € U(a) it holds that

l‘(2) = (10(3;(1))7
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for some function ¢ : R"~™ — R™. Substitution in the objective function leads to

a new objective function on U, (a):
Pa) = £, o).
After defining
DW= [foy o for]s and DFP =l ]
applying Theorems 4.1 and 5.1 gives

DF(a) = Df"(a) + Df?(a) Dg(a)
= DfW(a) = DfD(a) - (Dg?) ™" Dg'V(a)

=0'.

Define A € R™ as
AT =Df®(a) - (Dg®) ",

which turns the first-order condition into
DF(a) = DfM(a) — X" DgM(a).

Furthermore, by post-multiplying the definition of A by Dg®(a), and rearranging
we find that
DfP(a)—=A"Dg?(a)=0".

The equation (6) now follows form observing that
Dg(a) = [Dg"(a) Dg®)(a)].
[

Remark 6.2. If n =2 and m =1, (6) becomes

(@) fra] =X |91 (0) gmal@)] = |0 0],

or

fui (@) — Mgz, (@)

L 0
fﬂcQ (a) - >‘ng (a) 0.

Note that if we define the function . : R"™™ — R, as

m

ZL(,¢) = f@) =Y G (gi(x) = bi),

i=1
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the equations (6) and (5) are precisely the necessary conditions for (a,A) to be a
stationary point of .Z.

A straightforward way of obtaining the necessary conditions (6) and (5) is now
to introduce the function .Z belonging to the problem at hand and to find the

stationary points of .. This leads to the system of equations

Df(x)—¢" - Dg(z)=0"
f(x) —¢ g()b )

g(x) =
Since the function .Z plays such an important role, it gets a special name.

Definition 6.1 (Lagrangian). The Lagrangian belonging to Problem 3 is the func-
tion .Z : R™ x R™ — R defined by

m

L(@,€) = fl@) = 3G (gi(x) = bi)

i=1
The &; in Definition 6.1 are called the Lagrange multipliers. In order to find the

optimum locations for Problem 3 we get the following algorithm.

Algorithm 3. 1. Determine the solutions to system (7).
2. Determine all x that satisfy (5) and for which |Dg(z)| < m.

The next problem, of course, is to find the optima from all these potential loca-
tions and to determine what kind of optima they represent. For the points that are

found via Theorem 6.1 we have the following results.

Theorem 6.2. Let f,g1,...,9m : T — R be C? functions, with T C R™ open. If
(a,\) satisfies (7), |Dg(a)| =m, and

BTAB s negative (positive) definite, where
A:=H%(a), and

In—m

|~ (Dg® ()" DgW(a) |

then f(a) is a strict mazimum (minimum) of f under the condition g(x) =b.

Proof. We give a proof for the case n = 2 and m = 1. The general proof is
analogous, but involves tedious notation. It follows, with the notation from the
proof of Theorem 6.1 that, with F(z1) = f(z1,¢(x1)):

DF(a1) = fu(a1,(a1)) + fuy(a1,p(a1)) - p(ar) = 0.
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From Theorem 4.2 we know that f(a) is a strict maximum (minimum) if H f(a) is

negative (positive) definite. Application of the chain rule gives that
HF(a1) = foyzy + foreaf + Frian @' + Frama (@) + fant”-
Since g(x1,p(r1)) = b, it holds that Dg = 0. In other words,
91 + Gur ' = 0.
Differentiating this expression wrt x; we see that

Gzrz1 T Grias 90/ t Gaoz 90/ + 9m2m2(¢,)2 + Gz 90” =0

=gt 1 ] [P S ]

Substituting this back in HF' gives

Jorer foies| |1 _ [1 (p,} Jorz1 Yoz | | 1
2
frszy foowa| ¥ Gusz1  Goowa| ¥

=B'H¥B,

HF =1 /|

from which the result follows by applying Theorem 4.2. m

Remark 6.3. This condition can also be interpreted as follows: the matrix H.Z (a)

must be negative (positive) definite on the null-space of the matriz Dg(a).

For boundary points, points where f is non-differentiable, or where |Dg(a)| < m,

we can, in general, not say much more then that further investigation is needed.
Example 6.5. Consider the problem

optimize f(zxy,z9) := 2% + 23, z1,22 €R

such that g(z1,z2) := x% + 129 + x% = 3.
The Lagrangian of this problem equals
L(r1,29,8) = x% +x% — C(m% + x129 + x% -3),

which gives first-order conditions

<z
— =211 — \2x1 +22) =0
T
<z
—_— :23;2—)\(a:1+2a;2)20
T2
<z
?:x%—kxlm—kx%—i’):o,
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which gives the stationary points

(1,1) and (—1,—1), with A = 2/3 and
(v3,—v/3) and (—V/3,v/3), with A = 2.

Note that

Dg(x) = [23:1 +xo 2x9 + 71/,
so that |Dg(z)| = 1, for all (x1,z2) # (0,0). Since ¢(0,0) # 3, we can say that
|Dg(z)| =1, for all (z1,x2) that satisfy the condition. The stationary points above

are, therefore, the only possible optimum locations. We now find that

1
‘ (:El + 2:172)2 )

1 + 2x9

2 —2)\ -2
BTAB = |21 + 219 —211 —
I X9 T xg] [ _/\ 9_ 2)\]

—2:171 — X9

In the stationary points (v/3, —v/3) and (—v/3,v/3) with A = 2, this quadratic form
equals BT AB = —8 < 0, implying that f(v/3, —v/3) and f(—+/3,v/3) are strict local
maxima. Furthermore, for the stationary points (1,1) and (—1,—1) with A\ = 2/3,
this quadratic form equals BT AB = 8 > 0, implying that f(1,1) and f(—1,—1) are

strict local minima.

Example 6.6. Consider the problem

optimize f(x1,x2,23) := 1 + 2 + 23, 1,722,723 € R
such that g (z1,z9,23) =21 — 29 — 23 =0

2 2 2
g2(x1, 2, w3) 1= xf + x5 + x5 = 6.

First note that

Dg(x)z[l —1 —1]‘

2:171 2:172 2:173

Hence,
1 -1 -1
[Dg(x)| = :
0 2(z1+ x2) 2(%1 + x3)
From this we see that |Dg(z)| < 2 iff 29 = —21 and x3 = —x1. This, however, leads

to a system of equations gi, g2 with no solutions. So, for all (z1,z2,23) such that
g1(z1,z2,23) = 0 and go(x1,x2,23) = 6, it holds that |Dg(z)| = 2. In other words,

we can use the Lagrangian, which is given by

L(x1,29,73,C1,C2) = 21 + 22 + 23 — (1 (21 — 22 — 23) — (o2 + 25 + 25 — 6).
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The necessary conditions for an optimum are, therefore,
(i) 1—=X —2X\a1 =0
(i) 14+ A —2Xa2=0

(iii) 14X —2X w3 =0

)
)

—

—_

(iv) @1 —x9—x3=0

$%+x§+m§:6

(v

From (ii) and (iii) we find Ag(xg —x3), so that Ay = 0V x9 = x3. Consider two cases.

1. Ay =0.

Substitution in (i), (ii), and (iii) gives a system with no solutions.

2. Tro = I3.

From (iv) it follows that 1 = 229, so that (v) gives that 3 = 1. In other words, we
find the stationary points (2,1,1), with Ao = 1/3, and (=2, —1, —1), with Ay = —1/3.

3. Let a=(2,1,1). Then

Dg(a) = [Dg® Dy = [1 N _1]

4 2 2
R N I 0
= — (DgP(a))'DgM = —|" =
(Dg*”(a))” " Dg Lo ) .
—2(, 0 0 0
T 4
=B'AB=0 -1 1]| 0 -26 0 1] = - <0.
0 0 =2 .,
So, f(2,1,1) is a strict local maximum.
4. Let a = (—2,—1,—1). Then
1 -1 -1
Dala) = |De®@ Do =
9(a) [ 9 9 ] 4 9 9
1] [ 0
= — (Dg?(a)) 'DgV) = — - | =
(Dg'”(a))” Dg 4 9 L .
—2(, 0 0 0
- 4
=B ABz[o 1 1] 0 -2, 0 -1l =z >0

-2
0 0 G2 G=-1/3
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So, f(—2,—1,—1) is a strict local minimum.

For the investigation of the global character of optima we present two theorems.
The first is by applying Weierstrass’s theorem. A second criterion is given by the

following theorem.

Theorem 6.3. Let f,g1,...,9m : T — R be C' functions, with T C R™ open. If
a and X satisfy (7), and the Lagrangian is concave (convex), then f(a) is a global

mazximum (minimum) for f under the condition g(x) = b.

Proof. Since a and A satisfy (7), it holds that @ is a stationary point for the
Lagrangian .Z. From Theorem 4.2 it follows that .Z(a) is a global maximum (min-
imum) for .. In particular, it holds that Z(z) < (>)Z(a), for all x such that
g(x) = b. Since g(a) = b, it follows that f(z) < (>)f(a), for all x such that
g(x)=0. m

Example 6.7. Let us reconsider Example 6.6. From g5 it follows that |z;| < \/6,
all ¢ = 1,2,3. So, the area over which optimization takes place is bounded. The
point (2,1,1) satisfies both g; and go, so the domain is also non-empty. Finally,
the domain is closed (it is an ellipse). According to Weierstrass, f, therefore, has
a global maximum and a global minimum on the domain. The only candidates are
f(2,1,1) and f(—2,—1,1), respectively.

Finally we say something about the meaning of the Lagrange multipliers (;,
i = 1,...,m. The optimal value f* of the objective function can be seen as a
function of the values b;, ¢ = 1,...,m. In management applications, for example,
these b;’s represent production inputs. The question then is whether the firm should
increase the inventory of, say, input j, i.e. should b; be increased? The boundary
case between a “yes” and a “no” answer occurs if the marginal improvement in the
optimal value f* equals the price of an additional unit of the input. This marginal
improvement turns out to be equal to the Lagrange multiplier ;. For this reason,
the Lagrange multipliers are also called shadow prices. They are an indication of

the change in f*, resulting from a marginal change in the b;’s.

Theorem 6.4. Let f,q1,...,9m : T — R be C! functions, with T C R™ open. Let
f(a) be an optimum of f under the condition g(x) = by, with appropriate Lagrange

multipliers X\, and let

'H,,g(a) —Dy(@"|

Dy(a) 0
Then it holds that, for alli=1,...,m,




Proof. Consider the following system of n + m equations in 2m + n unknowns:

Df(x)" — Dg(x) "¢ =0
g(x) —b=0.

The point (bg, a, ) is a solution to this system, since (a, \) is a stationary point of

%, belonging to the problem with constraint g(x) = by. Since the matrix
0 HY —Dg'
—I Dyg o |’

has rank n + m in (bg, a, \), the implicit function theorem tells us that in a neigh-
bourhood U (b, a, A), the variables x and ¢ can be written as differentiable functions
of b:

v =), and C=(b).

If we implicitly differentiate the system g(x) = b with respect to b; (for fixed i) we
then get

1 ifj=i
Dgj(z)ew, (b) = , J=1.,m.
0 ifj#i

So, for all ¢ = 1,...,m, it holds that
fo;(bo) = D f(a)pp, (bo)
= " \iDgj(a)pe, (bo)
=1
— X\
m

Remark 6.4. This theorem will also turn out to play a crucial role in the proof of

the Kuhn-Tucker theorem in the next section.

7 Optimization of a Function on R" with Inequality
Constraints
In this section we consider the following problem.

Problem 4. Let f: S — R be differentiable, with S C R open. Find the location
of the maxima of f on S, given the constraint that x € S satisfies g;(z) < b;,

i=1,...,m, where all g; are C'. We assume that m < n.
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Remark 7.1. The problem above encompasses all types of optimization problems
with inequalities. To find the minimum locations of f, we essentially look for maz-
imum locations of —f. Inequalities of the type g(x) > 0 can be transformed into
—g(x) < —b. Finally, equalities of the type g(x) = b can be transformed into g(x) < b
and —g(z) < —b. (This last transformation is usually not advisable; see a later re-

mark).

To solve the above problem we, again, first formulate a theorem that reduces
the number of potential points where a maximum can be attained. We need the
following terminology. The i-th constraint in Problem 4 is called a binding constraint

ina € R" if g;(a) = b;.

Theorem 7.1 (Kuhn-Tucker). Let f,g1,...,9m : R" — R be C! functions, and let
a € R™ be a solution to Problem 4. If the gradient vectors of the binding constraints

are independent, then there exists a vector X € R™, X > 0, such that

Df(a)— A Dg(a)=0" (8)
AT (g(a) — b) =0. (9)

Proof. Choose A\; = 0 if the i-th constraint is not binding. The binding constraints
give a maximization problem with equality constraints that satisfies the conditions
of Theorem 6.1. For the corresponding \;’s, choose the Lagrange multipliers of this
system. Obviously, this satisfies (8) and (9).

The only thing that remains to be shown is that A > 0. To establish this we
apply Theorem 6.1 to the maximization problem with just the binding constraints.
To keep things simple let us assume that all conditions of Theorem 6.3 are satisfied.”

Suppose that A\; < 0. Theorem 6.3 then gives that
fo,(b) = A <0,

implying that f* is a strictly decreasing function of b; in a neighbourhood of b. So,

there exists € > 0, such that

J7(b—ce;) > f7(b).

So, the system with a more strict condition g(z) < b — ee;, has a higher maximum

value f*. This is a contradiction. m

Remark 7.2. We make two remarks on this theorem.

5This is not needed, but the proof becomes quite tedious without it.
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1. If the conditions of Theorem 7.1 are satisfied, then the following system of

equations gives a collection of possible mazimum locations.

Df(z) — ¢"Dg(x) =0"
g(x) <b (10)
¢>0
¢M(g(z) —b) =0

gi(x) < b, fori=k+1,....m

then we can use a combination of Theorems 6.1 and 7.1. The system to be
solved is then determined by (7) for 1 <i <k, and (10) for k+1<i<m.

Algorithm 4. The set of possible maximum locations for Problem 4 is the set con-

taining:
1. all solutions to (10),

2. all points where at least one constraint is binding en the corresponding gradient

vectors are linearly dependent.

Can we, from this set of points, find the maximum locations? As usual we might
be able to use Weierstrass (Theorem 4.3), or use the fact that f is strictly concave

(Theorem 4.4). We also have the following result.

Theorem 7.2. Consider the Lagrangian £ (x,() = f(z) — ¢ (g(x) —b) in a sta-
tionary point (a,\) € R™ x R™ of (10). If (a,\) satisfies

(i) L(x,\) < ZL(a,N), all x,
(ii) gla) <,
(iii) \ >0,
(iv) A (g(a) —b) =0,
then f(a) is a global mazimum for Problem /.

Remark 7.3. Condition (iv) is called the complementary slackness condition.
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Proof. Note that
f(@) = f(a) (,é) A (g(z) — g(a))

— AT (a(z) —
= (o) 1)

< 0, all z with g(x) <b.
(id)

Condition (i) implies that a is a maximum location for the Lagrangian .. By
applying Theorem 4.2 to .£ whether a candidate maximum location satisfies (i). The
sufficient conditions in Theorem 7.2 can not always be used. There exist stronger

ones, but we will not discuss them here.

Remark 7.4. For applications of the theory in this section one could interpret the

quantities as follows:

x: production levels,

g(z)x: used levels of production inputs,
b: levels of production inputs,
A: shadow prices of inputs,

f(x): total profits.

Finally, three examples of the theory.

Example 7.1. Consider the problem

maximize f(zy, o) == —27 — 2129 — 23

such that g1(x1,x2) == 21 — 229 < —1

gg(xl,xg) =2x1 + a9 < 2
g3(r1,22) == —21 <0
ga(r1,22) = —22 < 0.
The Jacobian matrix of g equals
-2
2
Dg(x) =

9@ =1

0 -1
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System (10) becomes

—2x1 — 22— (1 —20+¢ =0
—r1 =222 +20 -G +¢ =0

Tr1 — T2 < -1
201 + 10 <2

b= (12)
T Z 0
) Z 0
¢G>0, 1=1,2,3,4 (13)
(1(331 — 2x9 + 1) =0

201 +20—2) =0
(221 + 22 — 2) (14)
G3(—21) =0
C4(—a:2) =0.

From the first and third inequalities of (12) it follows that xo > 0. From (14) we
then obtain: (4 = 0. From (11), z; > 0, 9 > 0, and (3 > 0, it then follows that
(1 > 0 and (3 > 0. Complementary slackness then gives

x1 —2290+1 =0
L = (z1,32) = (0,1/2).
—I1 =0

This implies that the second condition is not binding and, hence, that zo = 0.
Plugging all this back into (11) then reveals that (; = 1/2 and (3 = 1. So, there is
only one point (a,\) that satisfies 10, with

a=(0,1/2), and A= (1/2,0,1,0).

Are there other points that could be maximum locations? First, notice that at
most two constraints can be binding. Since every k x 2-submatrix of Dg has full
rank (k = 1,2), there are no other candidate locations.

For (a,\), the corresponding Lagrangian equals
L(x,\) = —x% — T1T9 —x% — %m + x9 — % + 1.

The Hessian of this function is

HZL(z,\) = lj :;] :

which is negative definite. So, a is a maximum location for Z(x, \) (according to

Theorem 4.2). So, Theorem 7.2 tells us that f(a) is a maximum.
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Example 7.2. An electricity utility with variable capacity k, partitions a day in
different periods 1,2, ..., n and delivers, in those periods, electricity levels x1,. .., x,,
at varying prices p1, ..., p,. Suppose that the quantities aq, ..., a,, and the capacity
ko have been chosen such that it maximizes profits. If the function ¢(-) denotes the
costs, accruing from levels zq,...,z,, and the function d(-) denotes the costs of

keeping capacity k, then ay,...,a,, ko is a solution to the problem:

maximize p' x — ¢(x) — d(k)

such that z; <k, i€ {1,2,...,n}.
System (10) then becomes
p—Dc(z)" —A=0 (15)
—Juﬁ+§éAf:0 (16)
i=1

l‘lgk‘, i:1,...,n
\N>0, i=1,...,n

/\i(:Ei—k’):O, i:1,...,n (17)
From (17) it follows that either x; = k, or \; = 0. If \; = 0, it follows form (15) that

Pi = Cg; (Z’)

In words: if capacity is not fully used, then the price of electricity equals the marginal
costs of delivering it. If z; = k, then (15) yields

pi = ¢z, (T) + Nic

In words: if capacity is fully used (peak hours), then the price of electricity equals
the marginal costs of delivering it plus an additional premium. Form (16) one can
see that the premium is related to the marginal cost of keeping up the capacity k.
So, the costs of keeping capacity k are fully borne by customers who buy electricity
during the peak hours.

Finally, note that Dg(x) = I. This implies that every number of binding con-
straints has linearly independent gradient vectors. This implies that the only can-

didate maximum locations are given by the above system.

Example 7.3. Let

V = {(z29) € R?|z} + 23 < 9,27 — 2} < 1}.
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Suppose we want to maximize x%azg over V. We can write this as a maximization

problem

maximize f(x1,x2) := l‘%:ﬂg
such that gy (x1,22) == 27 + 23 <9

g2(w1,2) := :1:% - :13% <1

Note that V' is non-empty, bounded, and closed. Since f is continuous, Weierstrass

tells us that f attains a maximum on V. Consider the Lagrangian
L(@,¢) = aiwy — (2] + 23 - 9) — Gao(a] — 25 — 1),

This leads to system (10):

2x179 — 2C171 — 2Cx1 =0 (18)
23 — 2C129 + 200wy =0 (19)

:17% + :17% <9 (20)

x?— a3 <1 (21)

G >0 (22)

(2>0 (23)

Gl +a3-9) =0 (24)

Gz — 22 —-1)=0 (25)

Consider the following four cases.

Case 1. Neither of the two constraints is binding. Therefore, (1 = (o = 0. Accord-
ing to (19) it then follows that x5 = 0, implying that f = 0.

Case 2. The second constraint is binding, the first is non-binding. So, (1 = 0
and (2 # 0. From (18) it then follows that 2x;(x2 — (3) = 0, so that 1 = 0 or
g = (. If 21 = 0, then f = 0. If 2o = (3, then (19) gives that x? + 2( = 0,
which gives an inconsistent system. Finally, Dgo(x) = 221 — 29, so that [Dgs| < 1
if 21 = 9 = 0, which does not satisfy gs. So, step 2 from Algorithm 4 does not lead

to extra candidates.

Case 3. The first constraint is binding, the second is non-binding. Therefore,
C2 =0 and ¢; # 0. From (18) it then follows that 2z (29 — (1) = 0, implying that
1 =0, 0r 29 = (1. If ;1 = 0, the f = 0. If 25 = (1, we get from (19) that 23 = 2¢?
and from (24) that a;% =9 - C12. This implies that ¢; = /3, x% =6, and x5 = V/3.
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But, these values do not satisfy (21). Finally, Dg;(x) = 2z + 2x9, so that |Dg;| < 1
if x1 = 9 = 0, which does not satisfy g;. So, step 2 from Algorithm 4 does not lead

to extra candidates.

Case 4. Both constraints are binding, implying that {; # 0 and (2 # 0. From (24)
and (25) we then find that 21 = +v/5 and 2o = +2.
If 2 = (v/5,2), then (18) and (19) give that ¢; = 13/8, (o = 3/8, and f = 10.
If # = (—+/5,2), then (18) and (19) give that ¢; = 13/8, (3 = 3/8, and f = 10.
If 2 = (v/5,-2), then f = —10.
If © = (—/5,—2), then f = —10.
Note that
Dg(x) = [2x1 229 ] .
2r1 —2x9

So, |Dg(z)| < 2 iff —8z1x9 =0, i.e. if x1 =0 or x5 = 0. If 21 = 0, then g1 gives
that x9 = +3. However, (0,43), does not satisfy gs, so this does not give additional
candidates. Analogous computations reveal the same for o = 0.

So, all possible maximum locations are
{(07 332)7 (\/57 2)7 (\/_7 _2)7 (_\/57 2)7 (_\/_7 _2)}

Simple computations give that f attains the global maximum 10, at (v/5,2) and

(—V/5,2).
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