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Abstract
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obtain the equilibrium of the other. This gives an approximation of the equi-
librium of the combined dynamics. This approached is applied to a model of
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1 Introduction

In recent years, many papers and books have used the concept of stochastic stabil-
ity to explain equilibrium selection in games. Most of these models follow the same
structure.! One starts by modelling a particular kind of dynamic behaviour in dis-
crete time that evolves according to a Markov chain. This gives the pure dynamics.
One can think, for example, of symmetric Cournot oligopoly where at each point in
time firms imitate the output of the firm with highest profits in the previous period.
Vega-Redondo (1997) shows that this dynamics has numerous equilibria (absorbing
states), namely all those states where all firms produce the same quantity (the so-
called monomorphic states). In order to select between all these equilibria, the pure
dynamics is then perturbed by random noise, leading to the perturbed dynamics. In
the oligopoly example, one assumes that with a certain small probability each firm
chooses a random quantity. The stochastically stable states are those states that get
positive probability mass in the limit distribution® as the random noise component
vanishes. In the oligopoly example Vega—Redondo (1997) shows that the Walrasian
equilibrium is the unique stochastically stable state, thus giving an evolutionary
underpinning of Walrasian behaviour.

Stochastic stability has been analysed to study, for example, evolution in biology
(e.g. Foster and Young (1990)), the evolution of conventions (e.g. Young (1993)),
equilibrium selection in non-cooperative games (e.g. Kandori et al. (1993)), and a
plethora of other fields. In oligopoly theory, stochastic stability has been applied
in the seminal Vega—Redondo (1997) as outlined above. This model has been ex-
tended to study, for example, entry and exit (Alés-Ferrer et al. (1999)), Bertrand
competition (Alés-Ferrer et al. (2000)) the comparison between Cournot and Wal-
rasian equilibrium (Alds-Ferrer (2004)), and the interaction between different types
of behaviour (e.g. Schipper (2003) and Kaarbge and Tieman (1999)).

One crucial assumption in all these models is that agents may change their de-
cisions, but never the behaviour that leads to these decisions. In Vega—Redondo
(1997), for example, all firms are profit imitators. Even if there are multiple be-
havioural rules present in the population (as in e.g. Schipper (2003)), players can-
not change their behaviour. This is a very restrictive assumption. One would like
to be able to study models where agents can choose between different behavioural

rules.? In a repeated non-cooperative game, this would lead to two levels of dynam-

'For a textbook exposition see, for example, Fudenberg and Levine (1998).
2The limit distribution is also called the “invariant probability measure”, or “equilibrium dis-

tribution”. The latter term can be confusing as the limit distribution need not correspond to an

equilibrium of the underlying game.
3In a static context this is studied in the literature on indirect evolution. See, for example, Giith



ics. Given a configuration of behavioural rules for all players there is a dynamics of
strategy choices, the strategy dynamics. At a higher level of aggregation, given the
results of behavioural rules, players switch between different behavioural rules, the
behavioural dynamics. The question then is how the two levels influence each other
and what behaviour and strategy combinations result in stochastically stable states.

A major problem with such an analysis is that the resulting Markov chain de-
scribing the dynamics becomes very complicated. This paper discusses a very intu-
itive way of disentangling the two types of dynamics and, hence, obtaining a good
approximation of the limit distribution of the original Markov chain. This approach
is basically an application of the theory of nearly-complete decomposability as de-
veloped by Ando and Fisher (1963), Simon and Ando (1961), and Courtois (1977).
Originally, this theory was developed to aggregate over large dynamic systems in
the presence of limited computational power. The main idea is that under certain
conditions one can study the two levels of dynamics separately. Intuitively, this
means that one uses the limit distribution of the strategy dynamics to obtain the
limit distribution of the behavioural dynamics. The theory of nearly-completely de-
composable systems provides an upper bound on the interaction between the two
dynamics below which the latter limit distribution is a good approximation of the
limit distribution of the original Markov chain.

To illustrate the way this theory can be used, we study an extension to Vega—
Redondo (1997). We consider a Cournot oligopoly with a finite number of identical
firms. The strategy dynamics is driven by best responses given conjectural vari-
ations. For each configuration of conjectural variations this dynamics leads to a
different equilibrium. In particular, there are configurations that lead to the Wal-
rasian, Cournot-Nash, and Cartel equilibria. At the behavioural level it is assumed
that firms imitate the behaviour (i.e. the conjectural variation) of the firm with
the highest profit. It is shown that if behavioural change does not take place too
frequently (a notion made precise below), Walrasian behaviour is (approximately)
the unique stochastically stable state. This result reaffirms the strength of the
Walrasian idea in competitive markets. A crucial assumption, however, is that be-
havioural change takes place at a sufficiently low rate. The upper bound on this
rate is decreasing in the number of firms. If behavioural change takes place more
frequently, the support of the limit distribution may consist of more elements than
just the Walrasian equilibrium, indicating that larger industries may inherently be
less competitive than smaller industries.

The remainder of the paper is organised as follows. In Section 2 the general

and Yaari (1992), or Possajennikov (2000) for an application to oligopoly theory.



framework is discussed. The theory of nearly-completely decomposable systems
is described Section 3. In Section 4 we develop a model of Cournot oligopoly to

illustrate the theory and Section 5 concludes.

2 A General Model of Multi-level Evolution

Let (In, (Si)ier, , (ui)i€1n> be a game in normal form. Let S = [[;c; Si. This game
is infinitely repeated. At every time ¢t = 0,1,2,..., the configuration of strategy
choices is denoted by s; = (sit)ier,, where s;; € S; is the strategy chosen by player
1 at time t. It is assumed that every player ¢ € I, can choose from a finite set B; of
behavioural rules. A behavioural rule is a correspondence B; : S — S;, with typical
element s;; = B;;—1(st—1), where B;; 1 denotes the behavioural rule that player
i € I, chose at time ¢t — 1.* That is, Bi¢—1(si—1) describes the strategy choice of
player ¢ at time ¢, given the strategy choices of all players and player i’s choice of
behavioural rule at time ¢ — 1.5 Furthermore, the fact that strategy choice at time ¢
is influenced by behavioural choice at time ¢t — 1 suggests that strategy choices are
made at the beginning of each period, whereas behavioural choices are made at the
end.

It is assumed that players adapt their strategy choice with probability p € (0, 1)
every period. So, with probability p, si; € Bj;—1(s¢—1), and with probability 1 — p,
sit = Sit—1. If Bj;—1(s¢—1) contains more than one element, player i chooses an
element at random according to a probability measure, n;, with full support. The
aforementioned dynamics describe the pure strategy dynamics.

The actual strategy choice can be influenced by several aspects. For example, a
player can make a mistake and choose another strategy than her behavioural rule
prescribes. Another possibility is that a player experiments and consciously chooses
another strategy. Finally, a player may be replaced by another player who has the
same behaviour, but chooses a different strategy at first. Since these effects are
outside the model, they are treated as stochastic perturbations. To model these
perturbations at the strategy level, it is assumed that with probability ¢ > 0 a
player chooses an element from S randomly according to a probability distribution,

v;, with full support.

4This formulation should not necessarily be interpreted as a player choosing a behavioural rule
out of free will. The possibility that choice of behaviour is determined by, for example, genetics or

evolutionary forces is not a priori excluded.
5This formulation does not explicitly include memory longer than one period. Models can,

however, relatively easily be transformed to include finite memory. See, for example, Alés-Ferrer
et al. (1999).



Let s(k), k = 1,...,m, and B!, I = 1,..., N, denote the k-th and I-th per-
mutation of S and B = [],. 1, Bi, respectively. Then, pure strategy dynamics and
perturbations, together, lead to a Markov chain on S with transition matrix MF(k, (),

a typical element of which is

M0 = TT{ 0= 0ty 500

i€l
+(1- p)]l(smi:s(z)i)} +evi(s():) }

where 1.y denotes the indicator function and the part between square brackets gives
the transition probabilities for the pure strategy dynamics.

The behavioural dynamics takes place at the end of period ¢, when each player ¢
gets the opportunity to revise its behaviour with probability 0 < p < 1. Behavioural
change can be thought of as a conscious or non-conscious change. In the case of
conscious change one could think that once in a while a player analyses her past
performance and assesses the payoffs her behaviour yield by comparing with the
payoffs of the other players. The importance of relative payoffs has already been
stressed by Alchian (1950). It is assumed that each player knows the model and
can observe the choices of other players and can, therefore, deduce the behaviour
of the other players as well. She can then change her behaviour accordingly. Since
deriving the other players’ behaviour requires more cognitive effort than simply
following a behavioural rule in choosing a strategy, it seems reasonable to assume
that players change their behaviour less often than their strategy choices which
could be reflected in assuming that p < p. Non-conscious behavioural change can,
for example, be thought of as genetic change, where “weaker genes” are replaced
by “stronger” genes, leading to a Darwinian survival of the fittest. Again, it seems
reasonable to assume that behavioural change takes place at a lower frequency than
strategy change.

For each player ¢ € I,, behavioural change is governed by a correspondence
B;: Bx S — B;. That is, given the strategy choices ($1¢—1,...,5nt—1) € S and
the behavioural rules (Bj;—1,...,Bpi—1) € B, player i chooses a behavioural rule
at time ¢ such that

Bit € Bi(s1,4-1,-- -+ Snt—1; B1t—1,- -, Bni-1).

If B;(-) does not consist of a unique element, player i chooses any element from B(-)
using a probability measure 7;(-) with full support.

This dynamic process constitutes the pure behavioural dynamics. Just as in



the strategy dynamics, random perturbations are added.® So, each player chooses
with probability £ > 0 any behavioural rule using a probability measure 7;(-) with
full support. For each k € {1,...,m} and corresponding strategy vector s(k), the
behavioural dynamics gives rise to a Markov chain on B with transition matrix )\i,

a typical element of which equals

0.0) = TT{= 2[5 (5 1) 1B
i€l, ‘ (1)

+ (1 _}5)]1(3]:31))] +551(BZJ))}3

where the part between square brackets gives the transition probabilities for the
pure behavioural dynamics.

The combined strategy and behavioural dynamics yield a Markov chain on S x B
with transition matrix Q%¢. For future convenience, it is assumed that entries in this
transition matrix are grouped according to the behavioural index. So, the k-th row
in Q% consists of the transition probabilities from the state with behavioural rules
B! and strategies s(k). Similarly, the m(I — 1) + k-th row contains the transition
probabilities from the state with behavioural rules B! and strategies s(k). A typical

element of Q¢ is given by
Q%% (kr,1y) = Mj (k, )AL(1, ),

which should be read as the transition probability form the state with behavioural
rules B! and strategies s(k) to the state with behavioural rules B’ and strategies
s(1). Note that, for every € > 0 and every € > 0, this Markov chain is ergodic (i.e.
QF* is irreducible) and, hence, has a unique limit distribution.

Consider the Markov chain with transition matrix

= limlimQ**.
@I

This is the transition matrix of the Markov chain that results after the stochastic
perturbations at the strategy and behavioural level have converged to zero, respec-
tively. The order of taking limits is essential to the analysis. The stochastically
stable states are defined to be those states that have positive probability mass in
the limit distribution, pu(-), of @. The dynamics in @ is complicated due to the in-
teraction between the strategy and the behavioural levels. Therefore, the techniques
developed in Freidlin and Wentzell (1984), which are usually used to determine the
stochastically stable state will, in general, be hard to apply.

5In the case of non-conscious behavioural change, these perturbations can be thought of as

mutations.



One way of proceeding is to decompose the Markov chain (. Let for every
I'=1,...,N, Q7 = lim, o M;. The standard techniques as applied in most of the
literature (cf. Young (1998)) can be used to the unique limit distribution of Q7,
denoted by u!(-). Then, construct a Markov chain on B, Q, where p!(+) is used
to aggregate over the strategy dynamics. That is the transition probabilities in Q
are based on the assumption that the strategy dynamics has settled in equilibrium.
Standard techniques can then be used to obtain the limit distribution, f(:) of Q.
The theory of nearly-complete decomposability gives conditions on when f(-) is a

good approximation of the measure of interest, p(-).

3 Nearly-complete Decomposability

Intuitively, a nearly-completely decomposable system is a Markov chain where the
matrix of transition probabilities can be divided into blocks such that the interaction
between blocks is small relative to interaction within blocks. This section presents
the formal theory.” In the remainder, let @ be an n x n irreducible stochastic matrix,
representing, for example, the transition matrix of an ergodic Markov chain. The

dynamic process (y;)ten, where y; € R™ for all ¢ € IN, is then given by

(yt+1)T = (%)TQ‘ (2)

Note that ) can be written as follows:

Q=Q" +(C, (3)

where QQ* is of order n and given by

Qi 0 0
. 0
Q"= (4)
0
10 ... 0 Qy]
The matrices @}, I = 1,..., N, are irreducible stochastic matrices of order n([).

Hence, n = Z?[:l n(I). Therefore the sums of the rows of C' are zero. We choose (
and C such that for all rows k7, I =1,...,N, k=1,...,n, it holds that

n(J) n(J)
€22 Oty =2 > Qui, )
J#I =1 J#I 1=1

"The analysis closely follows Courtois (1977).



and

n(J)
¢=max( D> Q). (6)
J#AI 1=1
where the k; denotes the k-th element in the I-th block. The parameter ¢ is called
the mazimum degree of coupling between subsystems Q7.
It is assumed that all eigenvalues of Q and Q* are distinct. Then the spectral

composition® of the t-step probabilities — Q! — can be written as

N n(I)

Q' =" N(kn)Z(kr), (7)

I=1 k=1

where
Z(kr) = s(kr) " v(kr)o(kr) T,

A(kr) is the kj-th maximal eigenvalue in absolute value of @, v(ky) is the corre-
sponding eigenvector normalised to one using the vector norm || - ||1, and s(ky) is the
condition number s(k;) = v(k;) "v(k;). Since @Q is a stochastic matrix, the Perron-
Frobenius theorem gives that the maximal eigenvalue of @) equals 1. Therefore, (7)

can be rewritten as

N N n(I)
Q'=2Z(MW)+ Y NANZA)+ D> ) N(kr)Z(kp). (8)
1=2 I1=1 k=2

If one defines for each matrix Q7 in a similar way Z*(kr), s*(kr), \*(kr), and v*(kr),
e.g. \*(kr) is the k-th maximal eigenvalue in absolute value of @7, then one can find

a similar spectral decomposition for Q*, i.e.

N
@) =321 + 30 SO (k) 2" k), (9)

using the fact that vy (17) = n(I )~1 for all k;. The behaviour through time of y;
and y;, where the dynamics of (y¢)ien is described by (2) and the process (y;)ien
is defined by

(i)' =)' Q"
are, therefore, also specified by (8) and (9). The behaviour of y; can be seen as long-
run behaviour whereas y; describes short-run behaviour. The comparison between

both processes follows from two theorems as stated by Simon and Ando (1961).

8See, for example, Lay (1994, Section 8.1).



Theorem 1 For an arbitrary positive real number £, there exists a number ¢ such
that for ¢ < (g,
macx| Zug (k1) = Z3g (k)] < €,

forany2 <k<n(l),1<I<N, wherel <p,q<n.

Theorem 2 For an arbitrary positive real number w, there exists a number (., such
that for ¢ < (,,

H}C%X\ka(kf) — v, (Ly)ar(1k)| < w,

foranyl <k <n(l),1<1<n(J),1<K,I,J <N, and where ar;(1k) is given

by
n(I)n(J)

ary(lx) = > > v 2k, (k)

k=1 =1

It can be shown that for all I = 1,..., N, A(1) is close to unity. Therefore \!(1;)
will also be close to unity for small ¢t. Hence, the first two terms on the right-hand
side of (8) will not vary much for ¢ < T3, for some T5 > 0. The first term of the right-
hand-side of (9) does not change at all. Hence, for ¢ < T the behaviour through
time of y; and y; is determined by the last terms of Q! and (Q*)?, respectively. Also,
if ¢ — 0 it can be shown that A(k;) — A*(k;) and from Theorem 1 it follows that
Z(kr) — Z*(kr), for all k = 2,...,n(I) and I = 1,..., N. This means that for ¢
small and ¢ < T5 the paths of y; and y; are very close.

The eigenvalues \*(ky) are strictly less than unity in absolute value for all k =
2,...,n(I), and I = 1,...,N. For any positive real number £; we can therefore

define a smallest time 77 such that

N n(l)
max |37 Z(A*)t(kf)z;q(k])‘ <& fort>Tr.
SPAERTT =

Similarly, we can find a T} such that

N n(I)
sz(m)zpq(/ﬁ)) <& fort>Ti
I=1 k=2

max
1<p,g<n

Theorem 1 plus convergence of the eigenvalues with ¢ then ensures that 7 — 17 as
¢ — 0. We can always choose ¢ such that To > T;. As long as ( is not identical to
zero it holds that A(1;) is not identical to unity for I = 2,..., N.? Therefore, there
will be a time T3 > 0 such that for sufficiently small &3,

max
1<p,g<n

N n()
ZZ)\t(lj)qu(lj) < &3 for t > T3.
I=1 k=2

91f ¢ = 0, all blocks Q; are irreducible and then we would have A1) =X"(17) =1 for all I.



This implies that for T < t < T3, the last term of Q! is negligible and the path of y;
is determined by the first two components of Q. According to Theorem 2 it holds
that for any I and J the elements of Z(1k),

Zkllj(lK)’ R Zk'IlJ(]‘K)7 R Zk['l’l(J)J(lK)7

depend essentially on I, J and [, and are almost independent of k. So, for any [
and J they are proportional to the elements of the eigenvector of Q)% corresponding
to the largest eigenvalue. Since QQ* is stochastic and irreducible, this eigenvector
corresponds to the limit distribution p% of the Markov chain with transition matrix
Q%. Thus, for Ty < t < T3 the elements of the vector y;, (yi,):, will approximately
have a constant ratio that is similar to that of the elements of . Finally, for ¢ > T3
the behaviour of y; is almost completely determined by the first term of Q!. So, y;
evolves towards v(17), which corresponds to the limit distribution p of the Markov
chain with transition matrix (). Summarising, the dynamics of y; can be described

as follows.

1. Short-run dynamics: ¢ < T7. The predominant terms in Q! and (Q*)! are the

last ones. Hence, y; and y; evolve similarly.

2. Short-run equilibrium: 77 < t < Ty. The last terms of Q' and (Q*)! have
vanished while for all I, A!(1;) remains close to unity. A similar equilibrium

is therefore reached within each subsystem of @) and Q*.

3. Long-run dynamics: Ty < t < T3. The predominant term in Q! is the second
one. The whole system moves to equilibrium, while the short-run equilibria in

the subsystems are approximately maintained.

4. Long-run equilibrium: ¢ > T3. The first term of Q' dominates. Therefore, a

global equilibrium is attained.

The above theory implies that one can estimate u(-) by calculating pj for I =

1,..., N, and the invariant measure ji of the process
(1) = (@) " P, (10)
where (g7); = ZZ(:II) (yg, )¢ for all I =1,..., N, and some transition matrix P. For

t > Tb we saw that % ~ p7 .- Hence, the probability of a transition from group

I to group J is given by

n(I) n(J)
(pro)ert = (@0 Y (ke Y Qi
k=1 =1

10



For ¢ > T5 this can be approximated by

n(l) n(J

)
(Pro)iv1 = > wig Y Qusty = 1. (11)
=1 1=

So, by taking P = [prs], the process in (10) gives a good approximation for ¢t > T%
of the entire process (y;)ienN.

Until now we have not been concerned by how large ( can be. It was stated that
for T < t < T3, the original system () is in a short-run equilibrium close to the
equilibrium of the completely decomposable system Q*. If this is to occur it must
hold that T} < T5. Every matrix @) can be written in the form of (3), but not for
all matrices it holds that 77 < T5. Systems that satisfy the condition T} < Ty are
called nearly-completely decomposable systems (cf. Ando and Fisher (1963)). Since
T7 is independent of ¢ and 75 increases with ¢ — 0, the condition is satisfied for
sufficiently small.

The main results concerning nearly-complete decomposability are given in the

theorem below.

Theorem 3 (Courtois (1977)) Let Q be an irreducible stochastic matriz, with a
decomposition as given in (3)-(6). If
1 *
<il1- 242 12
C< 31—, max [\ (@], (12)
then @ is nearly-completely decomposable. Furthermore, the limat distribution of the
Markov chain with transition matriz P, as defined in (11) gives an O(C) approzi-

mation of the limit distribution of Q).

4 An Application: Cournot Oligopoly with Conjectural

Variations and Imitation

In this section, an application of the theory of nearly-completely decomposable sys-
tems to stochastic stability with multi-level evolution is discussed. Let be given a
dynamic market for a homogeneous good with n firms, indexed by I,, = {1,2,...,n}.
At each point in time, ¢t € IN, competition takes place in a Cournot fashion,
i.e. by means of quantity setting. Inverse demand is given by a smooth function
P : Ry — Ry satisfying P'(-) < 0. The production technology is assumed to be
the same for each firm and is reflected by a smooth cost function C' : Ry — Ry,
satisfying C'(-) > 0 and either C”(-) > 0 or C”(-) < 0. If at time ¢ € IN the vector
of quantities is given by ¢ € R”, the profit for firm i € I,, at time ¢ is given by

7(gi, q—i) = P(ai + Q—i)ai — C(ai),

11



where ¢_; = (g;)j% and Q_; = Zj# q;-

Each firm ¢ € I,, chooses quantities from a finite grid I';. Define I' = Hz’e I, T;.
For further reference let q(k), k = 1,...,m, be the k-th permutation of I'. It is
assumed that in setting their quantities firms conjecture that their change in quantity
results in an immediate change in the total quantity provided by their competitors.
This can also be seen to reflect the firm’s conjecture of the competitiveness of the
market. Formally, firm ¢ € I,, conjectures a value for the partial derivative of @Q_;
with respect to ¢;. Using this conjecture, the firm wants to maximise next period’s
profit. Hence, the firm is a myopic optimiser, which reflects its bounded rationality.
The first-order condition for profit maximisation of firm 7 reads
0Q—;

9q;

P'(gi + Q—i)(l + )Qi + P(qi + Qi) — C'(¢;) = 0. (13)

As can be seen from (13) we assume that there is only a first order conjecture effect.
Furthermore, we assume that this effect is linear. These assumptions add to the
firm’s bounded rationality.'®

To facilitate further analysis, the conjectures are parameterised by a vector a €
IR"™ such that for all 7 € I,

n 0Q—;
(1+al)§—1+ 90

Given a vector of conjectures an equilibrium for the market is given by ¢ € R’} such
that for all ¢ € I,, the first-order condition (13) is satisfied. Note that if all firms
i € I, have the conjecture a; = —1, the equilibrium coincides with the Walrasian
equilibrium. Furthermore, if all firms have «; = 277" or o; = 1, the equilibrium
coincides with the Cournot-Nash equilibrium or the cartel equilibrium, respectively.
Therefore, the conjectures o; = —1, «a; = 2_7", and o; = 1 will be called the
Walrasian, Cournot-Nash, and cartel conjectures, respectively.

Each firm chooses its conjecture from a finite grid A on [—1,1], where it is
assumed that A D {—1, 277", 1}. The bounds of this finite grid represent the extreme
cases of full competition (o« = —1) and cartel (o« = 1). For further reference, let
a(I), I =1,...,N, be the I-th permutation of A" = [[;.; A.

This model is a special case of the general framework presented in Section 2.
The pure strategy dynamics is such that firm i € I, seeks to find ¢! € I'; so as

to approximate as closely as possible the first-order condition (13). That is, qf €

0The first-order and linearity assumptions are also made throughout the static literature on
conjectural variations. This seems incompatible with the assumption of fully rational firms in these

models.

12



Bi(qt__il;a?_l), where!! for g_; € H#i I'j and a; € Ay,

7

B(q—;, ;) = argmin { ‘P/(q +Q-)(1+ ai)gq +Plg+Q—;) — C'/(q)‘} .
q€el’;

The pure behavioural dynamics consists of firms imitating at time ¢ the conjec-
ture of the firm(s) with the highest profit in period ¢ — 1.12 Formally, firm 4’s choice
al is such that of € B(at~', ¢'), where for given o € A™ and ¢ € T,

B(a,q) = arg HXaX{Hjefn oy =7, Yeer, 1 (¢, q—5) > W(qk,q-k)}-
ye

The combined strategy and behavioural dynamics yield a Markov chain on I"x A"™

with transition matrix Q. A typical element of Q@ is given by
Qe’g(klv ZJ) = M;(k‘, Z)AEI;(L J)a

which should be read as the transition probability form the state with conjectures
a(l) and quantities ¢(k) to the state with conjectures a(.J) and quantities g(l). We
want to determine the unique limit distribution, wu(-), of the Markov chain with
transition matrix

= limlimQ°%*.
@ = limlima

First the strategy dynamics is studied. As before, foreach I =1,..., N, let Q7 =

ling i be the limit Markov chain when the perturbations in the strategy dynamics
€

vanish. Note that M; has a unique limit distribution, p/(-). To facilitate further
analysis it is assumed that for any vector of conjectures there is a unique equilibrium,
i.e. a unique vector of quantities that solves (13) for all firms. Furthermore, we

assume that this equilibrium is an element of the quantity grid I'.

Assumption 1 For all a € A™ there exists a unique g% € I such that for alli € I,
n
2
Let the permutation on I' that corresponds to ¢ be denoted by k(1I), i.e. q(k(I)) =
q“. the
unique stochastically stable state of the strategy dynamics is given by ¢

P'(gf + Q%) (1 + cv) 5 ¢ + P(qf + Q%) — C'(¢gf") = 0.

The following proposition states that for each vector of conjectures a(I)
a(l)

Proposition 1 Let I € {1,..., N} be given. Under Assumption 1, the unique limit

distribution u!(-) of the Markov chain with transition matriz Q% is such that

u! gDy = 1.

"Erom the definition of behavioural rules, a; is not an argument of B;. We include it for

clarification.
2Here, imitation takes place at the behavioural level, not at the strategy level (as in, for example,

Vega—Redondo (1997)).
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Proof. The proposition is proved using the theory developed by Milgrom and
Roberts (1991). First note that for all ¢ € I,,, T'; is a compact subset of R.. Define
for all 4 € I,, the (continuous) function 7; : Ry x R?™' — R, given by

Filai4-0) = = [P+ Q) (1 + aa(D) Fai + Plas + Q) = C'(ar)-

Consider the normal-form game (In, (T)ier, (ﬁi)ign). Let S C I', denote by .S; the
projection of S on I'; and define S_; =[] ki S;. For all i € I, the set of undominated

strategies with respect to S is given by the set

Ui(S) = {Qi el

Vyes; g ies_;  Ti(Qirq—i) > ffi(y,Q—z‘)}-

Let U(S) = [ iz, Ui(S), the k-th iterate of which is given by Uk(S) = U(kal(S)),
k > 2, where U'(S) = U(S). Note that since ¢*() is unique we have

U=(r) = g},

Following Milgrom and Roberts (1991) we say that {q'};en is consistent with adap-
tive learning if
VienTeiVizi 0 @ € U({a'[E < s < 2}).

Let £ € N, take f = £ + 1 and let £ = £ + k for some k € {0,1,2,...}. Then
{Fli<s<ty={¢|s=1t,....,t +k—1}.

Let {¢'}ten be generated by the pure strategy dynamics, i.e. the strategy dynamics

without the random perturbations. Then we have, by definition, that
vyEFi : ’fri(qga qi—@'l) > 7~r2(y7 qt,_l'l>-

Furthermore, it holds that ¢*~! € {¢°|f < s < #}. Hence, we can conclude that
{q'}1en is conmsistent with adaptive learning. From Milgrom and Roberts (1991,

Theorem 7) one obtains that ||gt — ¢*(D)|| — 0 as t — co. Since I is finite we have

FrenVisi s @' = ¢
So, {qo‘(l )} is the only recurrent state of the pure strategy dynamics. From Young
(1993) we know that the stochastically stable states are among the recurrent states
of the mutation-free dynamics. Hence, u!(¢*1)) = 1. O
Before we turn to Proposition 2, the following lemma is introduced, which plays a
pivotal role in its proof. It compares the equilibrium profits for different conjectures.
Suppose that the market is in a monomorphic state, i.e. all firms have the same

conjecture. The question is what happens to equilibrium profits if k£ firms deviate

14



to another conjecture. If n — k firms have a conjecture equal to « and k firms have
a conjecture equal to ', let the (unique) equilibrium quantities be denoted by ¢

and q,‘j’, respectively.
Lemma 1 For allk € {1,2,...,n—1} and o > &' > —1 it holds that

P((n—k)ag + ket ) — Cla) > P((n— k)gf + kq )af — C(gf).

The proof of this lemma can be found in Appendix A. Lemma 1 plays a similar role
as the claim in Vega—Redondo (1997, p. 381). The main result in that paper is driven
by the fact that if at least one firm plays the Walrasian quantity against the other
firms playing another quantity, the firm with the Walrasian quantity has a strictly
higher profit. In our model the dynamics is more elaborate. Suppose that all firms
have the Walrasian conjecture and that the strategy dynamics is in equilibrium, i.e.
the Walrasian equilibrium. If at least one player has another conjecture not only its
own equilibrium quantity changes, but also the equilibrium quantities of the firms
that still have the Walrasian conjecture. Lemma 1 states that the firms with the
lower conjecture still have the highest equilibrium profit. This is intuitively clear
form the first-order condition (13). The firms with the lower conjecture increase their
production until the difference between the price and the marginal costs reaches a
lower, but positive, level than the firms with the higher conjecture. Therefore, the
total profit of having a lower conjecture is higher. This happens because the firms do
not realise that in the future their behaviour will be imitated by other firms which
puts downward pressure on industry profits.

Some additional notation and assumptions are needed in the following. For
a matrix A let A\;(A) denote the j-th largest eigenvalue in absolute value of A.
Furthermore, define A\i(I,J) = léiﬁr)l)\i(f, J) and let ¢ = H}gx{ D KAT 2ol QkﬂK}.

The following assumptions are made.

Assumption 2 All eigenvalues of Q are distinct.
A tion 3 ¢ < 3[1- (@)

ssumption 3 (¢ < ;5 Ie{rrlL?%N} 2(Q7)
Since the probability measures v;(-) and 7;(-) have full support for all i € I,,, all
eigenvalues of Q will generically be distinct and, hence, Assumption 2 will generically
be satisfied. Let «(1) be the monomorphic state where all firms have the Walrasian

conjecture, i.e. a(l) = (—1,...,—1) We can now state the following proposition.

Proposition 2 Suppose that Assumptions 1-3 hold. Then there exists an ergodic
Markov chain on A™ with transition matriz Q and unique limit distribution al(+).
For ji(-) it holds that ji(¢®")) = 1. Purthermore, i) is an approzimation of u(-) of
order O(().

15



Proof. First, decompose @ as in (3)-(6). So, the transition matrix @ is decomposed
into a block diagonal matrix Q*, where each diagonal block is the transition matrix
for the strategy dynamics for a given vector of conjectures, and a matrix that re-
flects the behavioural dynamics. The constant ¢ is the maximum degree of coupling
between subsystems Q7.

Given the result of Proposition 1 one can aggregate Q using u!(+) in the following
way. Define a Markov chain on A" with transition matrix @, which has typical

element

p! (q(k)) Z Qi
1" (q(k)) M (I, J) i

NE

Q(Ia J) =

e
Il
—

[
NE

>
Il
—_

I
NE

:U’I(q(k)))‘k(lv J) = )‘k(I)(L J).

b
Il
—

Note that the transition matrix @ is the limit of a sequence of ergodic Markov chains
with transition matrices Q¢ with Q%(I,J) = )\i( 1 (I,.J). So, @ has a unique limit
distribution fi(-). Under Assumptions 2 and 3, Theorem 3 directly yields that fi(-)
is an O((¢) approximation of pu(-).

The result on fi(-) is obtained by using the familiar techniques developed by
Freidlin and Wentzell (1984). First we establish the set of recurrent states for the
mutation-free dynamics of Q. This is the dynamics without the experimentation
part and is thus equal for all £ > 0. From (1) one can see that the transition
probabilities for this dynamics are equal to the transition probabilities of going
from one vector of conjectures a(l) to another vector o(J) given that the current
quantity vector is the equilibrium ¢®). So, the dynamics of Q¢ is the pure conjecture
dynamics if the quantity dynamics gets sufficient time to settle in equilibrium. Let
the transition matrix for this aggregated pure conjecture dynamics be denoted by
Qo-

Lemma 2 The set A of recurrent states for the aggregated mutation-free conjecture

dynamics with transition matriz Qg is given by the set of monomorphic states, i.e.
A={{(e,..., )} a € A}

The proof of this lemma can be found in Appendix B. Define the costs between
a(l) and a(J) to be

cla(D)a()) = min {d(a(1),a(K)|Qu(K.J) > 0},
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The cost between a(/) and «(J) is

where d(a(l),a(K)) = > ;. i (D)0 ()

the minimum number of mutations from «(7) that is needed for the pure conjecture

I

dynamics to have positive probability of reaching «(J). Let aw € A™. An a-tree H,

is a collection of ordered pairs (a/, ") such that:
1. every o € A"\{a} is the first element of exactly one pair;

2. for all o/ € A™\{a} there exists a path (o/,al),(al,a?),...,(a*71 a%), (a*, )
in H,.

For each a-tree H,, the cost of tree H, is defined by

c(H,) = Z c(a,a”).
(o 0’ )€Hq

First, we build an a(1)-tree H* with minimal costs. Then it is shown that for any
state a € A\{«(1)} and any a-tree H, the costs will be higher. From Freidlin and
Wentzell (1984, Lemma 6.3.1) one can then conclude that a(1) is the unique element
in the support of fi(-). Young (1993) has shown that the minimum cost tree is among
the a-trees where a is an element of a recurrent class of the mutation-free dynamics.
Thus, from Lemma 2 we know that we only need to consider the monomorphic states
in A. This implies that for all a-trees H,, a € A, we have ¢(H,) > |A| — 1, since
one always needs at least one experiment to leave a monomorphic state.

Consider a(1) and the a(l)-tree H* that is constructed in the following way.
Let « € A\{«(1)}. For all i € I,, we have o; > «;(1). Suppose that one firm 4
experiments to «;(1) = —1, while the other firms cannot revise their output. Ac-
cording to Lemma 1 with £ = 1 this firm has a higher profit in quantity equilibrium
than the other firms. If one period later all other firms j # i get the opportunity to
revise their conjectural variation (which happens with positive probability) they will
all choose aj(1) = —1. Hence, one mutation suffices to reach a(1) and, therefore,
c(H*) =|A| - 1.

Conversely, let H, be an a-tree for some a € A\{«(1)}. Then somewhere in
this tree there is a path between (1) and a monomorphic state o with o > —1
for all i € I,,. Suppose that starting from «(1) one firm ¢ experiments to «/. From
Lemma 1 with £k = n — 1 it is obtained that firm ¢ has a strictly lower profit than
the other firms in quantity equilibrium. So, to drive the system away from «(1) to
o/ at least two mutations are needed. Hence, ¢(H,) > c¢(H™). O

Proposition 2 gives a result on the convergence of market interaction to the
Walrasian equilibrium that is similar to the result of Vega—Redondo (1997). Appar-
ently, profit imitation is such a strong force that it also drives this more elaborate

behavioural model to the Walrasian equilibrium. Note, however, that the result in
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Proposition 2 is an approximation. It might well be that the support of p(-) consists
of more states than just the Walrasian equilibrium.

A crucial assumption is the one on the maximum degree of coupling between
subsystems (7, ¢, as stated in Assumption 3. This parameter should not be too
large. Intuitively, this condition requires that the interaction between subsystems Q7
is sufficiently low, i.e. that the conjecture dynamics does not happen too frequent.

In Proposition 3 a sufficient condition on p is given for Assumption 3 to hold.
Proposition 3 Ifp<1— (%)1/71’ then Assumption 8 is satisfied.

Proof. Let I € {1,2,...,N}. From Bauer et al. (1969) we obtain an upper bound

for the second largest eigenvalue in absolute value of Q7:

106,0) Qi p)
(Q1> ”é(@?)

A2 (Q7) < min{ max lz (QI)

1<0,p<m 2 £

max Z|Q19Z - Qilp0)l},

1<0,p<m 2

where v!(Q%) is the eigenvector corresponding to the largest eigenvalue of Q%. Since

Q7 is a stochastic matrix we have that

v (QF) = 1] = Ly gon-

Consider the first term on the right-hand side of (14). For 8 = k(I) and p # k(I),

we get

livl(@) Ql?(iﬁ) B Q?(Z}P)‘ _ 1’@?(16(1)79) _ Qi(k(D), p) |
2 2 R0 @) T ul
Take 0 = k(I), and p # k(I) such that q(p); = q(k(I)); for some i € I,,. Then
Q*(k(I),p) > 0 and pl, = 0, so that (15) is unbounded.

The maximum of the second term on the right-hand side of (14) is attained for
0 = k(I) and some p # k(I), such that q(k(I)) is not a best response to ¢(p). One
obtains that

(15)

‘Z|Q1 - Q1(p, i) < 5 \Q;(k(l),/.c(fm _ !

since q(k(I)) is a best response to q(k(I)). Hence, we find that A\2(Q}) < 3 for all
I=1,...,N. So, we have that
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Note that it holds that

= max{l _151{8)‘81;([’[)}'

kr
Furthermore, by definition we have that
ML D) > TTHA = &)1 = 5) + &mi(ea(D)) .
i€l

Therefore, we conclude that

¢<1-lim [T{0 -8 -5) +&n(ai(D))}

i€l
=1-(1-p)"< !
4
= p<1l-— <§> .
1 .
which proves the proposition. [l

Note that this upper bound is exponentially decreasing in the number of firms,
from p < 0.14 for n = 2, to p < 0.03 for n = 10. This implies that, for the
Walrasian equilibrium to be the only stochastically stable state in a large industry,
the rate of behavioural change needs to be very low. In other words, leaving the rate
of behavioural change constant, this analysis indicates that smaller industries are
possibly more competitive than larger industries, since uniqueness of the Walrasian

equilibrium as the only stochastically stable state cannot be guaranteed.

5 Discussion

This paper analysed a general framework for analysing stochastic stability in models
with multi-level evolution, namely strategy and behavioural evolution. It was shown
that under certain conditions, the theory of near-complete decomposability can be
used to disentangle the two levels of evolution. They can then be studied separately
and the equilibrium of the strategy dynamics can be used to obtain the equilibrium
of the behavioural dynamics, which, in turn, is an approximation of the equilibrium
of the combined dynamics. This approach is applied to an extension of the Vega—

Redondo (1997) model of imitation in Cournot oligopoly.
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In the application, we model strategy dynamics based on myopic optimisation
by firms that includes the conjectured market response to the firm’s own quantity-
setting behaviour which is modelled by means of a conjecture parameter. At a
second level, we allow firms to change or adapt their behaviour in the sense that
they can change their conjecture. This decision is also modelled to be boundedly
rational. Firms look at their competitors and imitate the behaviour of the most
successful firm.

The main conclusion of Proposition 2 is that if behavioural adjustment takes
place at a sufficiently low frequency, the market ends up in the Walrasian equilib-
rium in the long-run. An explicit upper bound for this frequency is provided and is
shown to be exponentially decreasing in the number of firms. So, even with more
elaborate behavioural dynamics than e.g. Vega—Redondo (1997), evolution still se-
lects the Walrasian equilibrium. The appeal of this equilibrium lies in the fact that if
behaviour is guided by profit imitation, i.e. relative payoffs, this leads to spitefulness
in a firm’s actions. This in turn leads to selection of the Walrasian equilibrium. The
analysis indicates that smaller industries are possibly more competitive than larger
industries.

Modelling explicit dynamic processes where players learn from the past is im-
portant, since in a "pure repeated game framework]...Jhistory matters only because
firms threaten it to matter” (Vives (1999)). With learning or evolution, history
matters per se. Until recently, most models of learning are restricted to dynamics
at one level. The analysis in this paper suggests ways in which to include several
levels of evolution. This makes it possible to study both learning and evolution sep-
arately in a unified framework, i.e. the short-run and the long-run. In the example
of the oligopolistic industry: how do (short-run) strategic choices based on conjec-
tures and (long-run) competitive and Darwinian pressures interact? We restricted
ourselves to two levels, but in principle it is straightforward to extend the theory of
near-complete decomposability to more levels of learning or evolution.

Another application of the presented theory is for simulation analysis. Analysing
large dynamic agent based systems can be computationally very intensive. If one
is willing to assume relatively infrequent interactions between different levels of
dynamics, the theory of near-complete decomposability can greatly reduce the com-

putational burden of these models.

20



Appendix

A  Proof of Lemma 1

Since all firms are identical and solutions to the first-order conditions are unique,
firms with the same conjecture have the same equilibrium quantity. Therefore, the

equilibrium quantities g’ and q,‘j/ satisfy!3

a o’ n o a o’ a
P'((n— k)gif + kqi ) (1 +a)§<]k +P((n—k)qg +kqi ) — C'(qf) =0
n
2

!

P'((n—k)gf +kat )1+ a')sqf +P((n—k)gf +kq) — C'(qf) = 0.

These first-order conditions imply that

P'((n = K)ag + ka')(1+ a) Zaf — C'(qf)
(A1)

/

= P'((n = k)gf +kai') (1 +a)3a" = C'(af).
Suppose that ¢ > q,‘jl. There are two possible cases:
L. if C'(qf) > C'(¢), then (A.1) immediately gives a contradiction;
2. if C'(q) < C'(qf"), then according to (A.1) it should hold that

n

/ / n 2
—P'((n—k)qy + kqy )1+ a)=qi < P'((n—k)qp + kqiy ) (1 + a’)gq? :

[\

. . . o / . & ! . .
This implies that 2 < 12 However, since 2 > 1 and 1% < 1 this gives
p ol = 1+ ) of Z 1 g
95 @ 9 to

a contradiction.
According to the mean-value theorem there exists a ¢ € (g, q,‘g‘l) such that

Clgy") - Clgp)

C'(q) = :
qr —qy

9y
since the cost function is continuous. Furthermore, it holds that

C'(q) < max{C"(¢f),C"(q)}
< P((n —k)qf + kq)
= P((n—k)gf +ka gy —Clg) > P((n — k)g + ka gt — C(af),

which proves the lemma. ([

!/

13Here the assumption that o/ > —1 is crucial. For if & > —1 and o’ < —1 the system of

first-order conditions has no solution.
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B Proof of Lemma 2

Given a monomorphic state, the pure conjecture dynamics remains in the same
monomorphic state with probability one. So A D {{(a,...,a)}|a € A}. Conversely,
let « € A"\\A. With positive probability all firms may adjust their conjecture and
with positive probability all choose the same conjecture, leading to a monomorphic

state. Hence,

AC {{(a,...,a)}’oz €A},

which proves the lemma. ([l

References

Alchian, A.A. (1950). Uncertainty, Evolution, and Economic Theory. Journal of
Political Economy, 58, 211-221.

Alés-Ferrer, C. (2004). Cournot versus Walras in Dynamic Oligopolies with Memory.
International Journal of Industrial Organization, 22, 193-217.

Alés-Ferrer, C. , A.B. Ania, and K.R. Schenk-Hoppé (2000). An Evolutionary Model
of Bertrand Oligopoly. Games and Economic Behavior, 33.

Alés-Ferrer, C. , A.B. Ania, and F. Vega-Redondo (1999). An Evolutionary Model
of Market Structure. In P.J.J. Herings, G. van der Laan, and A.J.J. Talman
(Eds.), The Theory of Markets, pp. 139-163. North-Holland, Amsterdam, The
Netherlands.

Ando, A. and F.M. Fisher (1963). Near-Decomposability, Partition and Aggregation,
and the Relevance of Stability Discussions. International Economic Review, 4,

53-67.

Bauer, F.L. ; E. Deutsch, and J. Stoer (1969). Abschitzungen fiir die Eigenwerte
positiver linearer Operatoren. Linear Algebra and Applications, 2, 275-301.

Courtois, P.J. (1977). Decomposability, Queueing and Computer System Applica-
tions. ACM monograph series. Academic Press, New York, NY.

Foster, D.P. and H.P. Young (1990). Stochastic Evolutionary Game Dynamics. The-
oretical Population Biology, 38, 219-232.

Freidlin, M.I. and A.D. Wentzell (1984). Random Perturbations of Dynamical Sys-

tems. Springer-Verlag, Berlin, Germany.

Fudenberg, D. and D.K. Levine (1998). The Theory of Learning in Games. MIT-
press, Cambridge, Mass.

22



Gith, W. and M. Yaari (1992). An Evolutionary Approach to Explain Reciprocal
Behavior in a Simple Strategic Game. In U. Witt (Ed.), Ezplaining Process and
Change - Approaches to Evolutionary Economics. The University of Michigan
Press, Ann Arbor, Mich.

Kaarbge, O.M. and A.F. Tieman (1999). Equilibrium Selection in Supermodu-
lar Games with Simultaneous Play. Mimeo, Dept. of Economics, University of

Bergen, Bergen, Norway.

Kandori, M. , G.J. Mailath, and R. Rob (1993). Learning, Mutation, and Long Run

Equilibria in Games. Econometrica, 61, 29-56.

Lay, D.C. (1994). Linear Algebra and its Applications. Addison-Wesley, Reading,
Mass.

Milgrom, P. and J. Roberts (1991). Adaptive and Sophisticated Learning in Normal

Form Games. Games and Economic Behavior, 3, 82—100.

Possajennikov, A. (2000). On the Evolutionary Stability of Altruistic and Spiteful

Preferences. Journal of Economic Behavior and Organization, 42, 125-129.

Schipper, B.C. (2003). Imitators and Optimizers in Cournot Oligopoly. Mimeo, Uni-

versity of Bonn, Bonn, Germany.

Simon, H.A. and A. Ando (1961). Aggregation of Variables in Dynamic Systems.
Econometrica, 29, 111-138.

Vega—Redondo, F. (1997). The Evolution of Walrasian Behavior. Econometrica, 65,
375-384.

Vives, X. (1999). Oligopoly Pricing, Old Ideas and New Tools. MIT-press, Cam-
bridge, Mass.

Young, H.P. (1993). The Evolution of Conventions. Econometrica, 61, 57-84.

Young, H.P. (1998). Individual Strategy and Social Structure. Princeton University

Press, Princeton, NJ.

23



